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Let  R  be  a  ring  with  identity,  and  let  S  be  a  multipli- 
cative semigroup  with  identity  i.   Let  y  be  a  function  from 
S  x  s  into  the  group  of  central  units  of  R  such  that 
Yfs^  s2)y  (s-^s^s.^)  =  y(s2,s3)y(s1,s2s3)  for  all  s-^s^s,  e  S. 
We  define  the  twisted  semigroup  ring,  denoted  by  Rt[S],  as 
an  R-algebra  with  basis  {s|s  e  S}  and  with  multiplication 
defined  distributively  such  that  for  all  s,,s2  e  S, 


S-1S2  -  Y'^1'^2   1  ^2" 

Assuming  that  y  is  nonconstant,  we  prove  the  following 
statements. 

(A)  If  K  is  a  field  and  G  is  a  nontorsion  free  group, 
then  K  [G]  has  nontrivial  units. 

(B)  If  S  is  a  nontorsion  free  semigroup  and  char  R  is 
finite,  then  Rfc[SJ  has  nontrivial  units. 

(C)  If  S  is  a  nontorsion  free  semigroup  and  K  is  a  field 
then  K  [S]  has  nontrivial  units. 


(D)  If  R  LSJ  has  no  nontrivial  units,  then  R  has  no 
nilpotent  elements  and  either  R  is  indecomposable  or  the 
largest  subgroup  of  S  containing  i  is  trivial. 

Next  we  let  N[R[S]j  denote  the  nilpotent  radical  of  R[S] 
We  prove  the  following  statements. 

(E)  If  R  is  a  commutative  ring  with  1  and  S  is  a  right 
(left)  zero  semigroup,  then  N[R[S]]  =  {Zaixi  e  R[S] | Zai  =  0}. 

(F)  If  R  is  a  ring  with  1  and  S  is  a  right  (left) 

group,  then  N[R[SJ]  =  NCRlH-jJ]  +  C,  where  H-L    is  any  maximal 

n      n 
subgroup  of  S  and  C  =  RCHj^l-W  with  W={£a.e.|la.  =0, 

i=l    1  i=l  1 

e^  is  an  idempotent  in  S  and  n  e  Z+}. 

(G)  Let  R  be  a  ring  with  1,  and  let  S  be  a  semigroup 
with  a  universally  minimal  ideal  U.   Let  6  be  the  semigroup 
homomorphism  from  S  onto  U  defined  by  G (s)  =  s*l  .   Then 
N[R[S]]  =  NCRLU]]  0  NLK],  where  K  =  Ker  G  and  G:R[S]  ■+  R[U] 
is  the  natural  extension  of  9. 

(H)   If  R  is  a  ring  and  S  is  a  semigroup  satisfying 
Bauaschewski1 s  condition  on  extremities,  then  Rfc[S]  is  semi- 
prime  if  and  only  if  R  is  semiprime. 

We  say  that  a  semilattice  is  of  type  PQ  if  it  has  a  zero 
element  w  and  all  the  nonzero  idempotents  are  primitive.   A 
semilattice  is  said  to  be  of  type  P±    if  it  has  a  zero  element 
and  satisfies  the  following  condition:   if  F  is  a  subset  of 
Plr    then  either  g.l.b.  {x|x  e  F}  belongs  to  F  or  else  there 
exist  x  and  y  in  F  such  that  g.l.b.  {x,y}  is  in  P,  -  F. 

Let  S  be  a  semigroup  such  that  (i)  S  admits  relative 
inverses  and  (ii)  the  idempotents  of  S  commute.   If  the 
semilattice  of  subgroups  Sa  of  S  is  of  type  PQ ,  then  we 

vi 


decompose  RlS]  as  a  direct  sum  of  ideals  which  are  completely 
determined  once  RLSaJ  is  known  for  each  a  e  PQ .   This  allows 
us  to  characterize  the  nilpotent  and  Jacobson  radicals  of 
R[S].   For  R   field,  we  give  necessary  conditions  for  R[S] 
to  be  semisimple  and  regular. 

If  the  semilattice  of  subgroups  S    of  S  is  of  type  P,  , 
then  we  prove  that  R[S]  is  semiprime  if  R[Sa]  is  semiprime 
for  each  a  e  P, . 
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CHAPTER  I 
PRELIMINARIES  AND  GENERAL  PROPERTIES  OF  SEMIGROUP  RINGS 


In  this  chapter  we  introduce  some  fundamental  defnitions 
and  general  results  that  will  be  used  throughout  this  dis- 
sertation. 

1.1   Semigroups 

A  semigroup  S  is  a  nonempty  set  closed  under  a  binary, 
associative  operation  that  we  will  denote  multiplicatively . 
Let  S  be  a  semigroup.   The  cardinal  number  |s|  of  the  set  S 
is  called  the  order  of  S.   If  |s|  is  finite,  we  can  exhibit 
the  binary  operation  in  S  by  means  of  its  Cayley  multipli- 
cation table  as  for  finite  groups.   An  element  t  of  S  is 
said  to  be  left  (right)  cancellable  if,  for  any  x  and  y  in  S, 
tx  =  ty  (xt  =  yt)  implies  x  =  y.   S  is  called  left  (right) 
cancellative  if  every  element  of  S  is  left  (right)  cancel- 
lable. We  say  that  S  is  cancellative  if  it  is  both  left  and 
right  cancellative.   An  element  u  of  S  is  called  a  left  (right) 
identity  of  S  if  us  =  s  (su  =  s)  for  all  s  e  S.   An  element 
u  of  S  is  a  two-sided  identity,  or  simply  identity,  if  it  is 
both  a  left  and  a  right  identity  of  S.   Exactly  one  of  the 
following  statements  must  hold  for  a  semigroup  S: 

(1)  S  has  no  left  and  no  right  identities; 

(2)  S  has  one  or  more  left  (right)  identity,  but  no 
right  (left)  identity; 
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(3)   S  has  a  unique  two-sided  identity,  that  we  denote 
by  i,  and  no   other  right  or  left  identity. 

An  element  z  of  S  is  called  a  left  (right)  zero  if 
zs  =  z  (sz  =  z)  for  every  s  in  S.   An  element  z  is  called  a 
zero  element  of  S  if  it  is  both  a  left  and  a  right  zero  of 
S.   Clearly  the  foregoing  trichotomy  holds  if  we  replace  the 
word  identity  by  zero.   S  is  said  to  be  a  right  zero  semi- 
group if  xy  =  y  for  every  x,y  in  S ;  that  is,  every  element  of 
S  is  a  right  zero  and  a  left  identity.   Left  zero  semigroups 
are  defined  dually.   A  semigroup  S  with  a  zero  element  z  is 

called  a  zero  or  null  semigroup  if  xy  =  z  for  all  x,y  in  S. 

2 

An  element  e  of  S  is  called  idempotent  if  e   =  e.   One- 
sided identity  and  zero  elements  are  idempotent.   S  is  called 
a  band  if  all  its  elements  are  idempotent.   By  a  subgroup  of  ' 
a  semigroup  S,  we  mean  a  subsemigroup  T  of  S  that  is  also 
a  group  with  respect  to  its  binary  operation;  that  is, 
xT  =  Tx  =  T  for  every  x  in  T.   By  a  left  (right)  ideal  of  S 
we  mean  a  nonempty  subset  X  of  S  such  that  SX  c  x  (XS  £  X) . 
By  two-sided  ideal,  or  simply  ideal,  we  mean  a  subset  of  S 
which  is  both  a  left  and  a  right  ideal  of  S.   A  semigroup  S 
is  called  left  (right)  simple  if  S  itself  is  the  only  left 
(right)  ideal  of  S.   Likewise  S  is  called  simple  if  it  contains 
no  proper  ideal.   It  follows  from  the  definition  that  S  is 
right  (left)  simple  if  and  only  if  aS  =  S  (Sa  =  S)  for  every 
a  in  S;  moreover,  S  is  a  group  if  and  only  if  it  is  both  a 
left  and  a  right  simple  semigroup. 

If  s  is  an  element  of  S,  then  the  cyclic  subsemigroup 
generated  by  s,  is  the  set  < s>  of  all  the  positive  powers  of  S. 


Theorem  1.1.   Let  s  e  S.   If  |^s)|  is  infinite  all  the 
powers  of  s  are  distinct.   If  | (s ) |  is  finite,  there  exist 
two  positive  integers,  the  index  r  and  the  period  m  of  s, 
such  that  sm+r  =  sr  and  (s)      =    {s , s2 , . . . , sm+r_1 } .   The  order 
of  (s)  is  m+r-1.   The  set  Kg  =  {sr, sr+1 , . . . ,sm+r_1}  is  a 
cyclic  subgroup  of  S  of  order  m. 

An  element  s  e  S  has  finite  order  if  |  (s  )  |  is  finite. 
S  is  called  torsion  if  every  element  of  S  has  finite  order. 
If  s  is  an  element  of  finite  order  in  S,  then  (s )  contains 
exactly  one  idempotent,  namely  the  identity  of  K  . 

Let  the  semigroup  S  have  an  identity  i.   If  x  and  y  are 
elements  of  S  such  that  xy  =  i,  then  x  is  called  a  left  inverse 
of  y,  and  y  is  called  a  right  inverse  of  x.   A   right  (left) 
unit  in  S  is  defined  to  be  an  element  of  S  having  a  right 
(left)  inverse  in  S.   By  a  unit  in  S  we  mean  an  element  of 
S  having  both  right  and  left  inverse  in  S. 

Theorem  1.2.   Let  S  be  a  semigroup  with  identity  i. 

(1)  The  set  P(Q)  of  all  right  (left)  units  of  S  is  a 
right  (left)  cancellative  subsemigroup  of  S  containing  i. 

(2)  The  set  G  of  all  units  of  S  is  a  subgroup  of  S,  and 
G  =  P  n  Q.   Each  unit  has  a  unique  two-sided  inverse  in  G,  and 
has  no  other  left  or  right  inverse  in  S. 

(3)  Every  subgroup  of  S  containing  i  is  contained  in  G. 

If  e  is  an  idempotent  element  of  S,  then  eSe  is  the  set 
of  all  elements  of  S  for  which  e  is  a  two-sided  identity. 


Theorem  1.3.   Let  e  be  an  idempotent  of  S,  and  let  II 
be  the  group  of  units  of  eSe.   Then  H   contains  every  sub- 
group of  S  that  meets  H  . 

It  follows  that  the  groups  He  are  just  maximal  subgroups 
of  S;  that  is,  no  He  is  properly  contained  in  any  other  sub- 
group of  S.   Moreover,  if  e  and  f  are  idempotent  elements  of 

S,  e  *  f,  then  H  and  H.  are  disjoint. 

e      f        -" 

The  preceeding  terminology  and  results  can  be  found  in 
[  5  1,    where  the  reader  can  find  considerable  additional 
material  on  semigroups. 

1.2   Rings 

Let  R  denote  an  associative  ring.   If  there  is  a  least 
positive  integer  n  such  that  na  =  0  for  all  a  e  R,  then  R  is 
said  to  have  characteristic  n.   If  no  such  n  exists,  R  is 
said  to  have  characteristic  0.   We  will  denote  characteristic 
of  R  by  char  R.   A  ring  of  characteristic  pn,  for  a  prime  p, 
is  called  a  p-ring  [24].   (Note  that  there  are  other  conflict- 
ing  uses  of  the  term  p-ring;  for  example,  see  [16]).   For  a 
ring  R  and  a  prime  integer  p,  define  R  =  {r  e  R|pnr  =  0  for 
some  positive  integer  n}.   The  center  of  R  is  the  set 
C  =  {c  e  R|cr  =  re  for  all  r  e  R} . 

If  R  has  identity  1,  the  subring  of  R  generated  by  1  will 
be  called  the  prime  subring.   It  is  an  easy  consequence  of 
the  definition  that  if  tt  is  the  prime  subring  of  a  ring  R, 
then  tt  ~  Zn  whenever  char  R  =  n  >  0,  and  u  s  Z  otherwise. 


Theorem  1.4  L  1 3 J  -   Let  A-^  ,  A2  ,  .  .  .  ,An  be  ideals  in  a  ring 
R  such  that  (i)  A-^  +  A2  +  .  .  .  +  An  =  R  and  (ii)  for  each 
k  (1  <  k  <  n) ,  Ak  n  (A1   +  . . .  +  Ak-1  +  Ak+1  +  ...  +  AR)  =  0. 
Then  there  is  an  isomorphism  R  ~  A..  ©  A2  ©  ...  ©  A  . 

Lemma  1.5.   Let  R  be  a  ring  with  nonzero  characteristic 

n,  and  let  {p^ , p2 , . . . ,p,  }  be  the  set  of  distinct  prime  divisors 

of  n.   Then  R  =  R^   ©  R^   ©  ...  ©  R 

Pl     P2  Pn 

A  nonzero  element  a  in  a  ring  R  is  said  to  be  a  left 

(right)  zero  divisor  if  there  exists  a  nonzero  element 

b  e  R  such  that  ab  =  0  (ba  =  0) .   A  proper  zero  divisor,  or 

simply  zero  divisor,  is  an  element  of  R  which  is  both  a  left 

and  a  right  zero  divisor.   A  commutative  ring  with  identity 

1*0  and  no  zero  divisors  is  called  an  integral  domain. 

Let  a  be  an  element  of  R.   The  principal  ideal  generated 

n 
by  a  is  the  set  (a)  =  {ra  +  as  +  na  +   I  r • as • | r ,s ,r^,  Sj  e  R 

i=l 
and  n  e  Z}.   An  ideal  P  in  R  is  said  to  be  prime  if  P  *  R  and, 

for  any  ideals  A,B  in  R,  AB  c  p  implies  that  A  c  p  or  B  c  p. 

An  ideal  M  in  R  is  said  to  be  maximal  if  M  *  R  and,  for  every 

ideal  A  such  that  M  c  A  c  r,  either  M  =  A  or  A  =  R. 

Definition  1.6  [9  ].   Let  L  be  a  certain  property  that 
a  ring  may  possess.   We  shall  say  that  the  ring  R  is  an  L-ring 
if  it  possesses  the  property  L.   An  ideal  I  of  R  will  be 
called  an  L-ideal  if  I  is  an  L-ring.   A  ring  which  does  not 
contain  any  nonzero  L-ideals  will  be  called  L-semisimple.   We 
shall  call  L  a  radical  property  if  the  following  three  conditions 
hold. 


(A)  A  homomorphic   image  of  an  /.-ring  is  an  L-ring. 

(B)  Every  ring  contains  an  /.-ideal  A  which  contains 
every  other  /.-ideal  of  the  ring. 

(C)  The  factor  ring  R/A  is  L-semisimple . 

An  element  x  of  R  is  said  to  be  nilpotent  if  x11  =  0  for 
some  positive  integer  n.   A  ring  R  (an  ideal  A)  is  said  to 
be  nil  if  every  element  x  of  R  (of  A)  is  nilpotent.   An 
ideal  is  called  nilpotent  if  some  power  of  it  is  zero.   We 
say  that  n  is  the  index  of  nilpotency  of  a  nilpotent  ideal 
A,  if  n  is  the  smallest  positive  integer  such  that  An  =  0 . 

Lemma  1.7  [  9  ].   The  sum  of  any  finite  number  of 
nilpotent  ideals  of  a  ring  R  is  again  a  nilpotent  ideal. 
The  union  of  all  the  nilpotent  ideals  of  a  ring  R  is  a  nil 
ideal . 

In  [  9  ]  we  find  the  following  construction.   Denote  by 
N0  the  union  of  all  the  nilpotent  ideals  of  R.   Then  R/NQ 
may  have  nilpotent  ideals.   Let  N,  be  the  ideal  of  R  such 
that  N-^Nq  is  the  union  of  all  the  nilpotent  ideals  of  R/NQ . 
In  general,  for  every  ordinal  a  that  is  not  a  limit  ordinal, 

we  define  N    to  be  the  ideal  of  R  such  that  N  /N   ,  is  the 

a  a   a-1 

union  of  all  the  nilpotent  ideals  of  R/N   ,.   If  a  is  a  limit 
ordinal,  we  define  Na  =  ug<aNg.   In  this  way  we  obtain  an 
ascending  chain  of  ideals  NQ  c  N,  c  . . .  c  N  c   ....   Since 
R  is  a  set,  we  may  then  consider  the  smallest  ordinal  x  such 
that  NT  =  Nx+1  =  ...  .   we  denote  Nx   by  N[R],  and  NCR]  is 


called  the  nilpotent  radical  of  R.   (NlRj  is  also  called  the 
Baer  lower  radical  of  R  in  the  literature  19]).   It  is 
characterized  by  the  fact  that  R/NLRJ  is  semiprime  and  N[R] 
is  the  smallest  ideal  of  R  that  gives  such  a  factor  ring. 

w 
Lemma  1.8.   Let  R  =  £,  .R-^  be  the  weak  direct  sum  of 

the  family  {R^}^  A  of  rings.   Then  the  nilpotent  radical  of 

R  is  zLanlra]- 

We  define  the  prime  radical  of  R  as  the  intersection  of 
all  prime  ideals  of  R,  and  we  denote  it  by  PER], 

Propositon  1.9   [15].   The  following  conditions  con- 
cerning the  ring  R  are  equivalent. 

(i)   0  is  the  only  nilpotent  ideal  of  R. 
(ii)   0  is  an  intersection  of  prime  ideals;  that  is 
PIR]  =  0. 

(iii)   For  any  ideals  A  and  B  of  R,  AB  =  0  implies  that 
A  n  B  =  0.   Under  these  conditions  R  is  called  semiprime. 

The  following  definitions  and  results  can  be  found  in 
[17j. 

Let  a  e  R.   if  there  exists  an  element  b  of  R  such  that 
a  +  b  -  ab  =  0,  a  is  said  to  be  right  quasi-regular  (r.q.r.). 
The  Jacobson  radical  JiR]  of  a  ring  R  is  defined  as  follows: 

J[RJ  =  {a  e  R|ar  is  r.q.r.  for  every  r  e  R} . 

Theorem  1.10.   Let  R  be  a  ring  with  identity,  and  let 
{Ai | i  e  1}  be  the  set  of  all  the  maximal  right  ideals  in  R. 

Then  J[RJ  =   n   A. . 
id  x 


A  ring  R  is  called  Artinian  if  the  descending  chain 
condition  for  right  ideals  holds  in  R;  that  is,  every  strictly 
decreasing  chain  of  right  ideals  in  R  contains  only  a  finite 
number  of  right  ideals. 

Lemma  1.11.   If  R  is  artinian,  then  the  Jacobson 
radical  of  R  coincides  with  the  prime  radical  of  R. 

1.3   Semigroup  Rings 

Let  R  be  a  ring,  and  let  S  be  a  multiplicative  semigroup. 
N.  Jacobson  [14 ]  defines  the  semigroup  ring  of  S  over  R  to 
be  the  set  of  functions  from  S  into  R  that  are  finitely 
nonzero,  with  addition  and  mulitplication  defined  as  follows: 

(f  +  g) (s)  =  f (s)  +  g(s) 

(fg) (s)  =   E    f (x)g(y) , 
xy=s 

where  the  symbol    £   indicates  that  the  sum  is  taken  over 

xy=s 
all  ordered  pairs  (x,y)  of  elements  of  S  such  that  xy  =  s . 

We  use  R[S]  to  denote  the  semigroup  ring  of  S  over  R.   Semi- 
group rings  are  generalizations  of  polynomial  rings:   if  Z 
denotes  the  additive  semigroup  of  nonnegative  integers,  then 
RCZQ]  is  isomorphic  to  the  polynomial  ring  in  one  indeterminate 
over  R. 


We  think  of  the  elements  of  R[S]  as  "polynomials"   Z  a.s., 

.  i=l  1  x 

where  a;L  e  R  and  si  e  S.   A  typical  nonzero  element  a  of  R[S] 

n 
has  a  unique  representation  a  =   E  a.s.,  where  the  a.  are 

■;  =  i  1  x  i 


i=l 


nonzero  elements  of  R  and  the  s.  are  distinct  elements  of  S 

n 
The  unique  representation  I    a.s.  of  a  is  called  the  canoni- 

i=l  x  x 
cal  form  of  a,  and  the  set  {s.}.  ,  of  "variables"  of  the 

canonical  form  of  a  is  called  the  support  of  a  (denoted  by 

supp  a);  moreover,  the  ideal  of  R  generated  by  {a.}1?,  is 

called  the  content  of  a. 

If  the  semigroup  S  has  an  identity  i,  then  the  ring  R 

is  naturally  embedded  in  the  semigroup  ring  R[S]  by  mapping 

an  element  re  R  to  ri. 


1.4   Twisted  Group  Rings 

Let  K  be  a  field,  and  let  G  be  a  multiplicative  group 
whose  identity  we  denote  by  i.   Passman  [22]  defines  a 
twisted  group  ring  K  [G]  of  G  over  K  as  an  associative 
K-algebra  with  basis  {x|x  e  G}  and  with  multiplication  defined 
distributively  such  that,  for  all  x,y  e  G, 

(1)  x  y  =  Y(x,y)xy,   y(x,y)  e  K  -  {0}. 

The  associativity  condition  is  clearly  equivalent  to 

(xy) z  =  x(yz)  for  x,y,z  e  G,  and  this  is  in  turn  equivalent  to 

(2)  Y(x,y)  y(xy,z)  -  y  (y ,  z)  y  (x,yz) 

Since 

(xy)  z  =  Y(x,y)xyz=  Y  (x,y)  y  (xy,z)xyz 

and 


x(yz)  =  y(Y/Z)x  yz  =  y  (y ,  z)  y  (x,yz)  xyz 
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We  call  y:GxG  -►  k  -  {0}  the  twist  function.   This 
function  has  also  been  called  factor  set  in  representation 
theory;  see  for  instance  Curtis  and  Reiner  [  8  ]. 

There  are  a  number  of  obvious  similarities  between 
twisted  group  rings  and  ordinary  ones,  but  there  are  also  a 
number  of  important  differences.   Passman  points  out  the 
following.   First,  for  fixed  K  and  G  there  are  many  different 
possibilities  for  K  [G],  depending  on  the  choice  of  the  twist 
function.   Indeed,  one  such  choice  is  always  K[G],  which  is 
obtained  by  taking  y(x,y)  =  1  for  all  x,y.   On  the  other 
hand,  of  course,  K[G3  is  uniquely  determined  by  K  and  G. 
Second,  G  is  not  embedded  naturally  in  K  [G];  that  is,  the 
map  G  •>  K  [G]  given  by  x  +  x  is  not  a  multiplicative  homomor- 
phism  in  view  of  equation  (1) .   Third,  if  H  is  a  subgroup  of 
G,  then  the  K-linear  span  of  {h|h  e  H}  is  clearly  a  twisted 
group  ring  of  H  over  K,  but  we  must  be  careful  and  note 
that  this  K  [H]  has  as  a  twisting  the  restriction  of  the 
function  y    to  H  x  h.   Finally,  if  H  is  a  normal  subgroup  of 
G,  there  is  no  obvious  homomorphism  from  K  [G]  to  some 
twisted  group  ring  of  G/H. 

Lemma  1.12.   The  following  relations  hold  in  Kfc[G]. 
(i)   Y(x,i)  =  Y(i/Z)  =  Y(i,D  for  all  x,z  e  G. 
(ii)   Y(i/i)~  i  is  the  identity   element  of  Kfc[G]. 
(iii)   For  all  x  e  G, 

x"1  =  Y(x,x"1)"1Y(i,i)_1x"1  =  Y(x"1,x)"1Y(i,i)"1x"1. 
Thus  we  see  that  the  elements  x  e  Kt[G]  are  all  units. 
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Proof.   (i)   Putting  y  =  i  in  equation  (2)  yields 
y(x,i)  =  y(i,z).   Thus  for  all  x,z  e  G  we  have 
Y  (x,i)  =  Y(i»z)  =  Y  (i,i) . 

(ii)   By  (i)  and  equation  (1)  we  see  that  Y(i»i)   i  is 
the  identity  element  of  K  [G]. 

(iii)   By  (i),  (ii)  and  (1)  y (x'1 ,x)~1y {i, i)~1x~1   is  a 
left  inverse  for  x,  and  y(x,x~    )~   y(i,i)~  x~   is  a  right 
inverse  for  x.   Thus  x  is  invertible  and  x    is  equal  to 
both  of  these  expressions. 

It  is  quite  possible  that  some  given  K  [G]  is  just 
K[G]  disguised  in  a  rather  natural  way.   We  start  with  Kt[G] 
and  make  a  diagonal  change  of  basis  by  replacing  each  x  by 
x1  =  6(x)x  for  some  nonzero  6 (x)  e  K.   Observe  that  the  word 
"diagonal"  arises  here  because,  for  G  finite,  the  correspond- 
ing change  of  basis  matrix  would  be  diagonal  with  the  6's  as 
diagonal  entries.   From  (1)  and  the  foregoing  we  have 

x'y'  =  6(x)x6(y)y  =  6 (x) 6 (y) y (x,y) xy 

=  6(x)6(y)6(xy)_1Y(x,y)  (xy)  ' 

In  other  words,  with  this  change  of  basis,  K  [G]  is  realized 
in  a  second  way  as  a  twisted  group  ring  of  G  over  K,  this 
time  with  twist  function: 

(3)   Y'(x,y)  =  6(x)6(y)6(xy)"1Y(x,y)  . 

Thus  we  see  that  if  K   [G]  and  K   [G]  are  two  twisted  group 
rings  of  G  over  K  and  if  their  corresponding  twist  functions 
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Y  and  y'    are  related  as  in  (3)  for  some  5:G  ■*■   K  -  {0},  then 
these  rings  are  actually  identical,  and  we  say  that  they  are 
diagonally  equivalent.   In  particular,  K  [G]  is  diagonally 
equivalent  to  K[G]  if  and  only  if 

Y(x,y)  =  6(xy)6(x)~16(y)~1 

for  some  function  6:G  ■*  K  -  {0}. 

Let  K  [G]  be  given  with  twist  function  y.      Consider 

t ' 
K   [G]  with  twist  function  y1  defined  by  y'(x,y)  = 

y(i,i)   y(x,y).   Clearly  y'    and  y   satisfy  equation  (3);  hence 

t         t ' 
K  [G]  and  K   [G]  are  diagonally  equivalent.   Moreover  by 

Lemma  1.12  (i)  and  (ii) 

(4)   I  is  the  identity  of  Kfc  [G]  and  y'(x,i)  =  y'(i,z)  =  y(i,i)=l 

for  all  x,z  e  G.   In  view  of  this,  we  give  the  following 
definition:   a  twist  function  is  said  to  be  normalized  if 
it  satisfies  condition  (4) . 

From  now  on  all  the  twist  functions  considered  are 
supposed  to  be  normalized. 

Let  us  consider  now  some  classical  examples.   Let  G  be 
a  cyclic  group  of  order  n  generated  by  g,  and  let 
<j>:K[x]  ■+  K  [G]  be  defined  by  <j>  (x)  =  g.   Then  iji  is  a  ring 
homomorphism  such  that  <J>  (x  )  =  ai,  where  a  =  y  (g,g)  y  (g,g  )  .  .  . 
y(g,gn~  ).   Thus  <J)(xn)  =  <Ha)  ,  and  hence  the  kernel  of  (J>  is 


the  principal  ideal  generated  by  the  polynomial  x   -  a.   It 
follows  that  Kfc[G]  =;  K[x]/(xn-a).   Conversely,   for  any 
a  e  K  -  {0},  we  see  that  K[x]/(xn-a  )  has  as  a  K-basis  the 
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O  1 

images  of  l,x,x  ,...,x    ;  so  it  is  a  twisted  group  ring  of 
Cn,  the  cyclic  group  of  order  n.   Thus,  for  instance,  if 
K  =  Q  is  the  field  of  rationals,  then  by  the  Eisenstein's 
criteria  the  polynomial  x   -  2  is  always  irreducible.   Hence 
for  a  =  2  we  see  thatQ^C  ]  ~  Q[xJ/(xn-2)  is,  in  fact,  a 
field  extension  of  Q,  namely  Q[n/2J.   Moreover,  if  K  is  a 

field  of  characteristic  p  >  0  that  is  not  perfect,  choose 

n  n 

a  e  K  with  p^ /a  I    K.   Then  for  all  n,  xp   -  a  is  irreducible 

n 

over  K  and  the  field  K[x]/(xP  -a)  =  K[n/a]  is  a  twisted 

group  ring  of  the  cyclic  group  C   .   A  last  application  of 

P 
the  foregoing  example  is  obtained  when  we  let  K  be  an 

algebraically  closed  field  and  G  =  C  .   Then  x11  =  ai  and 

n 

n/i~  exists  in  K.   Since  (a~1//nx)n  =  I  it  follows  now  that 
K  [G]  is  diagonally  equivalent  to  K[G]. 

In  the  case  where  G  =  < g)  is  infinite  cyclic,  then  we 
can  make  a  diagonal  change  of  basis  by  replacing  gm  by  gm 
for  all  integers  m.   This  clearly  implies  that  Kt[G]  is 
diagonally  equivalent  to  K[G]. 

Finally,  if  we  let  G  =  {i,glfg2,g3}  be  the  Klein  group, 
and  let  K  be  a  subfield  of  the  real  numbers,  then  by  defining 

Y(g1fg2)=  Y(g2,g3)  =  y(g3,g1)  =  1 

and 

Y(g2,g1)  =  Y(g3,g2)  =  Y(g1,g3)  =  Y(g1,g1)  =  Y(g2,g2)  = 
=  Y(g3/g3)  =  -l,  . 

we  obtain  a  twisted  group  ring  that  is  easily  recognized  as 
the  quaternion  division  algebra. 
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Just  to  mention  how  the  twisted  group  rings  might  arise 
we  give  the  next  two  lemmas,  whose  proofs  can  be  found  in  [22] 

Lemma  1.13.   Let  Z  be  a  central  subgroup  of  G,  and  let 
L  be  a  maximal  ideal  in  K[Z].   If  I  =  L«K[G],  then 
KCGJ/I  =  F  [G/Z]  is  a  twisted  group  ring  of  G/Z  over  the 
field  F  =  K[Z]/I. 

It  turns  out  that  every  twisted  group  ring  arises  in 
this  manner  as  we  see  next. 

Lemma  1.14.   Let  K  [H]  be  a  twisted  group  ring  of  H 
over  K.   Then  there  exists  a  group  G  with  a  central  subgroup 
Z  such  that  G/Z  =±  H  and  K[G]/I  ^   Kt[H],  where  I  =  L«K[G] 
and  L  is  an  ideal  of  K[ZJ  with  K[Z]/L  ~  K. 

So  far,  we  have  seen  one  example  where,  if  K  is  an 
algebraically  closed  field,  then  K  [G]  is  diagonally  equiva- 
lent to  K[G],  namely,  when  G  is  a  cyclic  group.   We  state 
two  more  results  that  give  conditions  in  order  for  this  to 
happen. 

Lemma  1.15.   Let  K  [G]  be  given  with  K  algebraically 
closed.   Set  U  =  {ax|a  e  K  -  {0},  x  e    G} ,  and  let 
W  =  {al|a  e  K  -  {0}}.   Then  Kt[G]  is  diagonally  equivalent 
to  K[G]  if  and  only  if  U1,  the  commutator  subgroup  of  U, 
is  disjoint  from  W. 

As  an  immediate  consequence,  we  obtain  the  following 
result. 
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Corollary  1.16.   Let  K  be  an  algebraically  closed  field, 
and  let  G  be  abelian.   Then  K  [GJ  is  diagonally  equivalent 
to  K[G]  if  and  only  if  K  [GJ  is  commutative. 

A  final  example,  in  which  K  [G]  is  always  K[G],  is  pro- 
vided by  the  case  where  K  is  a  perfect  field  of  characteristic 
p  and  G  is  a  finite  p-group. 

We  remark  that  the  material  discussed  so  far  in  this 
section  has  been  taken  from  Passman  [22.1.   Next  we  give 
some  new  results  that  we  have  obtained  in  order  to  be  able 
to  multiply  elements  of  a  twisted  group  ring  over  a  finite 
cyclic  group. 

In  the  remainder  of  this  section  we  let  G  =  (g>  be  a 

cyclic  group  of  prime  order  q,  unless  otherwise  specified. 

q-1 
Definition.   tt   =   n   Y(g3/g  )»  where  1  <  a  <  q. 
a    h=l 

Notice  that  since  y    is  normalized,  tt   =1  and  tt   =  tt  y  (qa ,q^)  . 

q  a    a'  y  ,y 

Proposition  1.17.   tt  .  it  .  =  tt  .  .  y  (g'Sg3  )  q,  where 
1  <  i,j  <  q-1. 

i        i  k 

Proof.   Putting  x  =  g  ,  y  =  gJ  and  z  =  g   in  equation 

(2) ,  we  have 

(5)  Y(g\gj+k)Y(gj,gk)  =Y(gi+j,gk)  Yfg^g1"). 

Fixing  i  and  j  and  taking  products,  we  get 

n  Y(gi,gj+k)Y(gj,gk)  =  ?n  Y(gi+j,gk)Y(g\gj)  ; 

k=2  k=2 
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hence 

r  tt  i    i   j+k,ir\   ,  j   k>  -,    ..%  ,    i+j   k>  -,     ,    i   "Kq-2 

[  n  y(g  ,gJ   )][  n  y(gJ,g  )]  =  [  IT  y  (g   J,g  )]y(g  ,gJ)M 

k=2  k=2  k=2 


It  follows  that 


TT  .                       TT  . 
1 .   1 


TT  .  ,  .  .  _ 

1+j     ,    l   n«q-2 

^pr —  y(v   >g  ) 


Y(gi,gj)Y(gi,gj+1)    Y(gj,g)   Y(gi+j,g) 

Then 

t,  tt  =  tt    Y(g\gj)q"1Y(gi,gj+1)Y(gj,g) 

i  j     i+j  ,  i+j   . 

J        Y(g  J,g) 

By  letting  k  =  1  in  (5),  we  get  y  (q1  ,g:i+1)  y  (g-3  ,g)  = 
Yfg1  "*  »g)  Y  (g1^"3 )  •   Therefore,  tt  .  tt  .  =  ir...  y^'Sg"')^ 
where  1  <  i,j  <  q-1. 

i   k 
Lemma  1.18.   Let  y (g  ,g  )  be  given  for  k  =  1,2,..., q-1. 

If  1  <  x  <  q-1,  x  *    i,    then 

/  i   q-i.q  ,  i   q-2i,2       ,  i   q-ni.q,  n 

*x  =   Y(g  ,gM  )MY(g  ,gM   )   •••  y(g  ,g    )  v^  , 

where  n  is  the  smallest  positive  integer  such  that  x  =  -ni 
(mod  q) . 

Proof.   First,  we  claim  that  if  1  <  x  <  q-1,  then 
x  ■=  q-ni  (mod  q) ,  where  1  <  n  <  q-1.   To  prove  this  is 
enough  to  show  that  any  two  elements  of  the  set  {q-ni  0  <  n  < 
q-1}  represent  different  residual  classes  of  Z  .   For  con- 

q 

tradiction,  suppose  that  q-n  i =  q-n2i  (mod  q) ,  where 

0  ~  nl  <  n2  ~  c3~1-   Then  n-j^  =  n2  (mod  q)  ,  which  contradicts 
0  <  n2~n-|  <  q. 
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Let  x  =  q-ni  (mod  q) .   By  setting  j  =  q-i  in  Proposition 

1.17,  we  get  tt     =  y  (g1  ,gq-1)  q/ni   since  tt   =  1 .   Hence,  if 

we  let  j  =  q-2i  Proposition  1.17  yields  tt   _.  = 

J  q-2i 

VlY(9i'9q"2i,,/ti  =  Y(g1.gq"i)qY(gi,gq"2i)q/irJ.   Thus  the 
result  follows  by  recursion. 

Corollary  1.19.  If  K  =  GF(2n),  where  n  is  a  positive 
integer  such  that  2  -  1  =  q,  then  tt  .  tt  .  =  tt  .  .  .  Moreover, 
if  TTi  =  1  for  some  i,  1  <  i  <  q-1,  then  tt  .  =  1  for  all  j. 

Proof.   By  hypothesis  K  is  a  finite  field  of  order  q+1; 
hence  its  group  of  units  is  cyclic  of  order  q.   It  follows 
that  y(g  ,gD)q  =  1  for  all  i,j.   Then  by  Proposition  1.17 

"j  =  ^i+j"   If'  moreover'  ^  =  1,  then  the  conclusion 
follows  from  Lemma  1.18. 

Next  we  determine  some  conditions  that  force  the  twist 
function  to  be  trivial. 

Proposition  1.20.   If  y(g1,gh)  =  1  for  h  =  l,2,...,q-l 
and  i  fixed,  then  y    is  trivial. 

Proof.   By  the  hypothesis  and  equation  (5)  we  get 
Y(g  ,g  )  =  y(g1  3  ,g    )  with  1  <  j,k  <  q-1.   As  in  Lemma  1.18, 
j  =  q-ni  (mod  q)  for  some  n.   We  use  induction  on  n. 
If  n  =  1,  then  yig^1^3)    =   Y(ifgk)  =  1  for  all  k.   Assume 
that  Y(9q-t\gk)  =  1  for  all  k.   Then  Y  (gq_  ( t+1)  i,gk)  = 
Y(gq~  \g  )  =  1  for  all  k.   Therefore  Y<g^gk)  ■  1  for  all 
j  and  k. 
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Lemma  1.21.   If  G  is  a  cyclic  group  generated  by  g, 

then  Y(gn,gm)  =  Y(gm,gn)  for  all  n,m. 

n-1      .  —     _    m-1      .  — 
Proof,  since  gn  -  n  Y(g,g1)gn  and  gm  =  n  Y(g,gJ)gm, 

i-1  j=l 

then 

gn-gm  =  (  n  Y(g,gi)gn)  (%  Y(g,gj)g™)  = 
i=l  j=i 

n-1      ,    m-1 


-  (  n  Y(g,g1))(  n  Y(g,gD) ) y (gn,gm)gn+m 
i=l         j=l 


and 


-m  -n     m-1      -i  ~^      n_1       •  

g  -g  =  (  n  y(q,gJ)g m) (  n  Y(g,gx)gn)  = 
j=l  i=l 

m-1      .   n-1      .  

-  (  n  Y(g,gD)(  n  Y(g,g1) )Y(gm,gn)gra+n  . 
j=i       i=l 

Then  ingm  =  gn+m  =  gmgn  implies  that  Y(gn,gm)  =  Y(gm,g") 
for  all  m,n. 

Lemma  1.22.   If  1  <  x  <  q-1,  then 

Y(gx,gx)  =  Y(g/gx)Y(g,gx+1)...Y(g,g2x_1)/Y(g,g)Y(g,g2)... 
Y(g,gx_1). 

Proof.   Fix  i  =  1  and  k  =  x  in  equation  (5) ,  and  first 
let  j  =  x.   Then  y  (g,  g2x)  Y  (gX,  gx)  =  Y(gX+\gX);  hence 
Y(gx,gx)  =  Y(g,gx)Y(gx+1,gx)/Y(g,g2).   If  j  =  x  +  1,  then 
equation  (5)  yields  Y(gX+\gX)  =  Y  (g,gX+1)  Y  (gX+2  ,gX)  /y  (g  ,g2x+1) 

Thus  Y(g\gx)  =  Y(g,gx)Y(g,gx+1)Y(gx+2,gx)/Y(g,g2x)Y(g,g2x+1). 

For  induction,  assume  that 
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Y(  x  x  _  Y(g,gX)Y(g,gX+1)...Y(g,qX+rn  *)      ,  x+m  x> 
Y9'9     Y(g,g^)y(g,g^)...Y(g,g2-^)  Y(g   '*  > 


Letting  j  =  x+m  in  equation  (5) ,  we  get 

Y(g**»,g*,  =Y(9,?^)   Y(g-^l,gx, 
Y(g,g2x+I") 


Hence 

fx)Y(g,gx+1)---Y(g,gx+m] 
(g,g2x)Y(g,g2x+1)---Y(g,g2xT 


Y(gX,gX)  =  V(?>9    ^(g,g )"-Y(q,q*  "')     Y  ,_x+m+l   X, 

,2x.  ,    2x+l,    ...    2x+m,  Y^g      'g  ; 


Finally,  since  for  j  =  q-1,  we  have 

Y(g,gx+q  x)  Y(g,gx_1) 


y(gX(gX)   =   Y ( 9 f ^ ) Y ( 9 , 9^       ) ' ' ' Y ( 9 , 9^  ) 

Y(g,g2x)Y(g,g2x+1)---Y(g,gx"1) 

2  x-1 

TT1/y(g,g)Y(g,g  )#,,Y(g»g   ) 


Thus 


^1/Y(g,gx)Y(g,gx+1)---Y(g,g2x"1) 

=  Y(g,gx)Y(g>gx+1)-'Y(g,q2x"1) 
Y(g,g)  (g,g  )  •  •  -Y^g5*"1) 

Proposition  1.23.    Let  K  =  GF(2n),  where  2n_1  =  q  is 
a  prime.   If  1  <  p  <  q-1,  then 

n   n  ?n_1    9n   9n  9n_2        okr,   ok   0n-k-l 

Y(gp,gp)2   Y(g2p,g2p)2   • • -Y(g2  p,g2  p)2 

~n-l    _n-l 

y(g2   p,g2   p)  =  ttJ  . 
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Proof.   For  b,c  e  Z,  b  <  c,  let  Lb,cJ  denote  the  product 

y(g,g  )y(g,g  +  )*-'Y(g/g°).   By  Lemma  1.22  we  see  that 

k     k 
Y(g2  P,g2  P)  =  [2kp,2k+1p-l]/[l,2kp-l]  for  k  =  0,l,...,n-l. 

Hence 

^   r.  >>n-l    0^   0„  0n-2       _n-l    ~n-l 

(6)  Y(gp,gp)2   Y(g2p,g2p)2   •••Ytg2   p,g2   p)  = 

/[p,2p-l]\2     /[2p,22p-l]\2     ...  /[2""1p,2np-l]\  = 


U,p-1]  /      \[l,2p-l]   /  \[l,2n  1p-l]   / 

[p,2p-l]2    [2p,22p-l]2    •••[2n~2p,2n~1p-lJ2[2n~1p,2np-l] 


"zh1  ?I?2i      "th1 


i=0  i=0"         1=0' 

[l,p-l]     [p,2p-l]    [2p,2  p-1]     -..[2n   p,2n  ^p-l] 


n_a21       -  +1 
Since    E     =  2n  a   -1  for  a  <  n,  we  get  the  expressions 

i  =  0 
in  equation  (6)  equal  to 

„n-l  9n~2  2 

(7)       [p,2p-l]  [2p,22p-l]  ■■•[2n"2p,2n"1p-13    [ 2n"1p, 2np-l] 

[l,p-l]2  _1[p,2p-l]2    ~1[2p,22p-l]2    _1 ,"[2n~2p,2n"1p-l] 


But  from  the  hypothesis  the  multiplicative  subgroup  of  K  is 

2n-l 
cyclic  of  order  2  -1;  hence  [l,p-l]      =  1.   Thus  by  can- 
cellation (7)  becomes  [p, 2p-l] [ 2p, 2  p-l]***[2    p,2  p-1] 

[P,2np-i].  now  for  ail  b  e   z,  [b,b+q-i]  =  Y(g/gb) y (g/gb+1) *  *  * 

-    b+q-1.     ,    b,  ,    b+lx     /       ■  \     /         \  i         t>-l»  „ 

Y(g,g  J  )  =  Y(g.g  )Y<g/g   ) * • •Y(g#i)Y(g»g) * **Y(g,g  )=^1- 

Since  [p,2np-l]   is  a  product  of  (2np-l)  -  (p-1)  =  (2n-l)p  =  qp 
factors,  then  [p,2  p-1]  = [ p,p+q-l][p+q,p+2q-l] • • • [p+ (p-1) q, 
p+pq-1]  =  tt!j.    Therefore  the  result  follows. 
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Corollary  1.24.   Under  the  hypothesis  of  Proposition 

1.23,  if  ttj  =  1  for  some  j,  1  <  j  <  q-1,  then 

~n— 1    n    n   ->n— 2       ~n-l    -n-1 
/  P   P\  2     /  2p   2p>  2        ,  2    p   2    p,    , 

Y(g^,g^)    y(g  r9  )    •••Yig    *g    )  =  l. 


Proof.   This  follows  directly  from  Corollary  1.19  and 
Proposition  1.23. 

1.5   Twisted  Semigroup  Rings 

Let  R  be  a  ring  with  identity  and  let  S  be  a  multipli- 
cative semigroup.   Let  y  be  a  twist  function  from  S  *  S  into 
the  group  U  of  central  units  of  R;  that  is,  y (x,y) y (xy , z)  = 
Y (y, z) y (x,yz)  for  all  x,y,z  e  S.   We  define  a  twisted  semi- 
group ring,  denoted  by  R  [S],  as  the  R-algebra  with  basis 
{s|s  e  S}  and  with  multiplication  defined  distributively 
such  that,  for  all  s-,,s2  in  S, 


sls2  =  Y(s1,s2)s1s2 


Since 


(rlsl*r2s2)r3s3  =  rlr2Y(sl's2)sls2'r3s3 


r1r2Y  (s1,s2)r3Y(s1  s2  ,  s3)  3^233 
and 


rlSl(r2S2*r3S3)  =  rlsl*r2r3Y(s2'S3)s2S3  = 


rlr2r3Y  *S2'S3^Y*S1'S2S3^S1S2S3 

then  r1r2Y(s1,s2)r3Y(s1s2,s3)  =  r^r.^  (s2*s3)  y  (s1#  s2s,) 
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for  all  r1(r2,r3  c    R  and  s^Sj/S-j  e  S.   This  shows  that  the 

condition  that  y     be  defined  into  the  central  units  of  R 

is  needed  in  order  to  preserve  the  associativity. 

From  now  on  we  will  abuse  in  our  notation  by  identifying 

the  elements  of  S  (of  a  group  G)  with  their  images  in  Rt[S] 

(R  [G])  under  the  natural  embedding;  that  is,  we  will  write 

s (g)  for  s (g) . 

n 
Let  A  be  an  ideal  of  R.   The  set  B  =  {  E  a.s.la.  e  A, 

i=l  i  i'  i 
+  i  t 

s^  e  S,  n  e  Z  }  is  an  ideal  of  R  [S]  that  we  will  denote  by 

the  (abusive)   descriptive  symbol  A  [S].   If  the  semigroup 

S  has  an  identity,  then  the  ideal  A  [S]  is  the  extension 

of  the  ideal  A  of  R  to  Rt[S];  that  is,  ARt[S]  =  At[S]. 

Moreover,  ARCS]  nR=A. 

Let  X  be  an  ideal  of  S.   Then  Rt[X]  is  an  ideal  of 
R  [S],  where  the  twist  function  of  Rfc[X]  is  the  restriction 
to  X  x  x  of  the  twist  function  of  Rt[S]. 

The  following  results  are  generalizations  of  similar 
results  in  [20 3  for  semigroup  rings. 

Lemma  1.25.   If  {A, },  .  is  a  family  of  ideals  of  the 
ring  R,  then  (n^^ AA^ ) t[S]  =  nXgA(A^[S]). 

Theorem  1.26.   Let  R1  and  R2  be  rings  with  identity, 
and  let  8 :  R,  ■*■  R„  be  a  homomorphism  of  R,  onto  R~ .   Let  S 
be  a  semigroup,  and  let  y.  :S  *    S  ■*  R.,  i=l,2,  be  twist 
functions  such  that  OYj^  =  Y2«   Then  there  is  a  unique 
homomorphism  6:R;l  [S]  ■*■  R2  [S]  from  the  ring  R^  CS]  with 
twist  function  y1   onto  the  ring  R^  [S]  with  twist  function 
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Y2  such  that  0 (rs)  =  0(r)s  for  each  r  e  R.  and  s  e  S.   More- 
over if  A  is  the  kernel  of  6,  then  the  kernel  of  0  is  A  [S]. 


It  follows  that  if  A  is  an  ideal  of  the  ring  R,  then 
RtCS]/At[S]  s  (R/A)t[S].   Moreover,  9   is  one-to-one  if  and 
only  if  8  is  one-to-one. 

Finally,  in  the  remainder  of  this  dissertation,  we 
denote  the  nilpotent,  prime  and  Jacobson  radicals  of  R  by  N, 
P   and  J  respectively;  we  maintain  our  previous  notation  for 
these  radicals  whenever  we  deal  with  twisted  or  ordinary 
semigroup  rings. 


CHAPTER  II 
ON  NONTRIVIAL  UNITS  OF  TWISTED  GROUP  RINGS 
AND  TWISTED  SEMIGROUP  RINGS 


Higman  [12 ]  defines  a  trivial  unit  of  a  group  ring  R[G] 
as  any  element  of  the  form  rg,  where  r  is  a  unit  of  R  and 
g  e  G.   He  also  characterizes  the  group  rings  that  have 
always  nontrivial  units  in  the  case  where  R  is  the  ring  of  ■ 
the  rational  integers  and  G  is  a  torsion  group.   Since  then, 
the  problem  of  the  existence  of  nontrivial  units  in  group 
rings,  together  with  the  characterization  of  the  group  that 
they  determine,  has  been  largely  studied.   We  only  mention 
a  few  such  results.   Ayoub  and  Ayoub  [  1  ]  determined  the  group 
of  units  of  ZG,  where  G  is  a  finite  abelian  group.   Raggi 
Cardenas  [23]  calculates  the  group  of  units  of  K[G]  for  any 
Galois  field  K  and  any  finite  abelian  group  G.   Passman  [21, 
Lemma  26.1]  shows  that  if  K  is  any  field  and  G  is  a  nontorsion 
free  group,  then  K[G]  has  nontrivial  units  provided  |k|  >  3. 
Finally,  Gilmer  and  Teply  [11]   have  shown  that  if  S  is  a 
torsion  semigroup  and  R[S]  has  no  nontrivial  units,  then  the 
characteristic  of  R  is  2,3  or  0;  moreover,  if  R  is  an  algebra 
over  a  field,  if  S  is  torsion  and  if  R[S]  has  no  nontrivial 
units,  then  the  characteristic  of  R  is  either  2  or  3 .   Finally, 
they  characterize  the  semigroup  rings  of  characteristic  2 
or  3  which  have  no  nontrivial  units. 
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Let  K  be  a  field,  and  let  G  be  a  nontorsion  free  group. 
Moreover,  let  R  be  a  ring  with  identity,  and  let  S  be  a 
semigroup  with  identity  i.   In  this  chapter  we  answer  the 
following  questions: 

(A)  When  does  the  twisted  group  ring  have  nontrivial 
units? 

(B)  What  are  some  necessary  conditions  for  R  [S]  to 
have  no  nontrivial  units? 

(C)  If  S  is  a  nontorsion  free  semigroup  and  R  has 
finite  characteristic,  when   does  R  [S]  have  nontrivial  units? 

(D)  If  S  is  a  nontorsion  free  semigroup,  when  does 
K  [S]  have  nontrivial  units? 

In  section  2.1  we  answer  (A)  by  showing  that  K  [G] 
has  always  nontrivial  units,  provided  that  the  twist  function 
is  nonconstant. 

Question  (B)  is  answered  in  Theorem  2.9,  which  states 
that  if  R  [S]  has  no  nontrivial  units,  then  R  has  no  nilpotent 
elements  and  either  R  is  indecomposable  or  the  largest 
subgroup  of  S  containing  i  is  trivial. 

In  Theorem  2.15  we  prove  that  if  S  is  a  nontorsion  free 
semigroup  and  R  has  finite  characteristic,  then  R  [S]  has 
nontrivial  units,  provided  that  the  twist  is  nonconstant. 
This  answers  question  (C) . 

Theorem  2.16  answers  question  (D)  by  showing  that  if  S 
is  nontorsion  free  and  the  twist  function  is  nonconstant, 
then  K  [S]  has  nontrivial  units. 

Passman  [22]  proves  the  existence  of  nontrivial  units 
in  K[G]  by  showing  first  that  these  group  rings  always  have 
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proper  zero  divisors.   This  is  why,  though   independent  of 
of  the  chapter's  title,  in  section  2 . 4  we  study  proper  zero 
divisors  in  some  twisted  group  rings  and  give  some  sufficient 
conditions  for  their  existence. 

2.1   Nontrivial  Units  in  Twisted  Group  Rings 

Let  K  be  a  field,  and  let  G  be  a  nontorsion  free  group. 
We  denote  by  i  the  identity  of  G,  and  by  char K  the  character- 
istic of  K.   Passman  [22,  Lemma  13.1.1]  has  proven  that  with 
the  exceptions  of  K  =  GF(2),  |g|  =  2  or  3 ,  and  K  =  GF(3), 
|G|  =  2,  K[G]  has  nontrivial  units.   Our  goal  in  this  section 
is  to  extend  this  result  to  twisted  group  rings  by  showing 
that  K  [G]  has  nontrivial  units  whenever  the  twist  function 
is  nonconstant. 

Lemma  2.1.   Let  K  be  a  field  of  characteristic  distinct 
from  2.   Let  G  be  a  nontorsion  free  group.   Then  the  twisted 
group  ring  K  [G]  always  has  nontrivial  units,  provided  that 
the  twist  function  is  nonconstant. 

Proof.   Since  G  is  nontorsion  free  and  |g|  >  1,  it 
contains  a  subgroup  H  of  prime  order.   Moreover,  since  any 
unit  of  K  [H]  is  clearly  a  unit  of  Kt[G],  then  it  is  sufficient 
to  prove  the  result  for  G  =  C  ,  where  C   is  the  cyclic  group 
of  order  q  generated  by  g. 

Let  the  characteristic  of  K  be  p,  where  either  p  =  0 
or  else  p  is  a  prime  integer  different  from  2. 
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q-1       i 
Let  n,  =  II  y  (gf  g  )  • 
i=l 

k-1 
Set  b    =   n   ytg.g1)  for  k  >  2. 
K  X    i=l 

k        k+1 
Notice  that  b   ,  =  b   =  tt,  ,  and  g  (b,  ,  g  )  =  b,  g    for 
q-1     q     1       3   k-1^       k^ 

k  >  2.   We  consider  two  cases. 

First,  if  tt   $  1  (mod  p)  ,  then  1  -  ir.  |  0  (mod  p)  ; 
hence  1  -  tt   has  an  inverse.   Thus  for  q  >  2,  we  have 

-1  q_1      k 

[  (1-tt  )  ""-(i-gnu  +  g  +   £   b,  ,gK)  - 

1  k=2   K_1 

-1         q~1  k       q_1      k 

(1-tt1)   (i  +  g  +  I      bk_!g   -  g  -   I   bk_!g   -  Trxi)  = 

K — Z  K — Z 

(l-TT,)     (l-TT,)i  =  i. 

If  q  =  2,  [  (l-Tr1)"1(i-g)](i+g)  =  (1-t^ )  _1  (i-g+g-T^g2)  = 
(l-TT1)"1(l-7T1)i  =  i. 

Secondly,  if  it,  =  1  (mod  p)  ,  then  p  *  2  implies  that 

there  exists  (1  +  tt,  )   .   Thus 

q-1  q-3 

[(1   +    tt    )_1(i+g)  ]  (i+TTig   +      I        b,     ,gk   -      I  b,     -,gk)    = 

1  L  k=2n      k_i  k=2n+l      k_1 

,  n=l  _  n=l 

q-1  q-3  q-1 

(1   +   tt    )_1(i-Tr   g   +      I        b        gk   -   T~  b        gk   +   g-Tr,    ~F    b,     ,gk  + 

1  k=2n      k   1  k=2n+l      k_1  1   k=2n     k_1 

n=l  n=l  n=l 

q-3 

bk_igk     +     ^1)      =      (1     +     TT      )_1[(1     +     TT,)i     +      (1     -     TT,)(g     + 

k=2n+l      K  L  L  1  -1 

n=l 

q-i 

k=2n      K   X 
n=l 
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Remark  2.2.   Notice  that  by  using  tt  .  (i  <  q  -  1) 
instead  of  ir.  in  the  proof  of  Lemma  2.1,  we  get  the  same 
kind  of  units. 

The  following  result  provides  an  example  where  the 
twisted  group  ring  has  nontrivial  units  and  the  usual  group 
ring  does  not. 

Corollary  2.3.  If  K  =  GF(3)  and  G  =  C2,  then  Kt[G] 
has  nontrivial  units  whenever  the  twist  function  is  non- 
constant. 

Next,  we  consider  the  case  of  fields  of  characteristic 
2. 

Lemma  2.4.  Let  K  be  a  field  of  characteristic  2,  and 
let  G  be  a  nontorsion  free  group.  If  the  twist  function 
is  nonconstant,  then  K  [G]  has  always  nontrivial  units. 

Proof.   As  in  Lemma  2.1,  it  is  sufficient  to  consider 

G  to  be  a  cyclic  group  of  prime  order;  say  G  =  C   =  (g) . 

si 

Assume  first  that  q  >  2.   Let  it,  and  b,  be  as  defined  in 
the  proof  of  Lemma  2.1.   We  consider  two  cases. 

If  it,  |  1  (mod  2),  then  by  proceeding  as  in  Lemma  2.1, 
we  get 

-1  q-1      k 

[(1  -  v±)    ""(i-g)  ]  (i  +g+  I      bk_±g    )  =  i. 

Now  let  tt   E  1  (mod  2)  . 

Suppose,  first,  that   there  exists  r  e  K  -  {0}  such 
that  rg  *  1;  that  is,  1  +  rq  has  inverse.   Then 
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a  -1  q_1  k      k 

(l+rq)  X(i+rg)  (i+rg  +  I    rb,  ,gK)  = 

k=2    k_i 

(l+rq)  ""-(i+rg  +   E  rKbk_1gK+rg  +   E  r  b^^^A^)  = 

k=2  k=2 

(l+rq)-1(l+rq)i  =  i. 

Suppose  next  that  rq  =  1  for  all  r  e  K  -  {0}.   Then  K 
is  a  finite  field.   Since  char  K  =  2,  then  K  =  GF(2n),  where 
2n  -  1  =  q.   By  Corollary  1.19  it  .  =  1  for  all  i,  1  <  i  <  q-1, 
so  we  cannot  use  the  construction  of  the  case  where  tt..  *  1. 
To  prove  that  in  this  case  K  CG]  has  nontrivial  units,  it  is 

sufficient  to  show  that,  for  all  v  e    K  -  {0},  there  exists 

t  2 

a  e  K  [G]  such  that  a   =  va .   For  then  we  can  choose 

x,y  e  K  -  {0}  with  x  +  y  *  0,  and  set  v  =  (x+y)/xy.   Then 

2 
xya   =  (x+y)a;  hence 

2 

(i  -  xa) (i  -  ya)  =  i  -  (x+y)a  +  xya   =  i. 

q-1    ± 
Let  a  =   Ea.g   e  K  [G].   By  Lemma  1.21,  y (g  ,g  )  = 
i=l  1 
Y  (g  ,g  )  for  all  u,w  e  Z.   Thus  since  by  hypothesis 

char  K  =  2,  then 

-     Q-1    •  ->  m_    .._.     m_        .     .   _  .  , 

2  _  ,%     i>2  2  .  i   i.  2x     r   2    i    ni+n   m+i,  2i-l 

a   -  (  Z  a.g  )   =  Z    a.y(g  ,9    )g  +  I    a   -.y(g  J  ,<3      J)g  J 

i=l  x  i=l  1             j=l  m+:i 

2 
where  m  =  q-1/2.   For  a   =  va  we  must  have 

va2.,    if  1 <;  i  s  3Z1 

va2-  ■,  ,  if  -^r-  +  1  S  i  <  q-1,  where 
q-1 


(i)   ai  Y(g1fg1)  = 
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Now  let  Q  =  (l, 2, . . . ,q-l}  and  define  x  ~  y  if 
y  E  2  x  (mod  2  -1),  where  x,y  e  Q,  h  e  Z.    Clearly  ~  is  an 
equivalence  relation.   Since  2np  E  p  (mod  2n-l)  for  all 
p  e  Q,  then  each  of  the  equivalence  classes  that  ~  determine 
on  Q  has  the  form  {2up|  1  <  u  <  n  }.   Thus  we  have  Q  as  the 
union  of  (q-l)/n  mutally  disjoint  subsets  of  n  elements. 

Notice  first,  that  the  system  (1)  has  q-1  unknowns  and 
as  many  equations.   Moreover,  any  unknown  a   is  related  to 

a2p;  in  9eneralr  a  k   is  related  to  a  ,_,  in  one  equation 

2  p  2    p 

and  to  a      in  another.   Hence,  by  the  previous  argument 
2    p 

the  set  (ax|x  e  Q}  of  unknowns  is  partioned  into  (q-l)/n 

subsets  of  the  form  {a    | 1  <  u  <  n}  for  various  p.   Since 

2Up 

the  unknowns  of  each  of  the  q-1  equations  are  contained  in 
one  and  only  one  of  these  subsets,  then  we  have  obtained 
(q-l)/n  systems  of  n  equations  each  of  which  has  the  form: 


.  2  p   2  p. 

a^Y(gp,gp)        %k  Y(g   '9  ] 

(2)   v  =  -P , =  ...  =  -!_P 

a2p  a_k+l 

2    p 


2      .  2n_1p   2n_1p, 

%n-l  Y(g      '9     P) 
2    P 


ap 


where  1  <  k  <  n-1.   Now  let,  for  instance,  a   =  cv,  where 
c  e  K  -  {0}.   Then  we  consider  the  set: 
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a   =  c 

P    v 

2p  =  c  v-v(g  #g  ) 

a'k   =  c2kVY(gP,gP)2k-1Y(g2pg2P)2k-2  _   y  ^p^p, 
2  p 

a  n_!  =  c2   vY(gp,gp)2   Y(g2p,g2p)2   ...Y(g2   p,g2   p) 

2    p 


We  claim  that,  in  fact,  this  is  a  set  of  solutions  for 
(2) .   By  direct  substitution  we  see  that  they  satisfy  the 
first  n-1  equations  of  (2) .   Thus  all  we  need  to  show  is 
that  2       2n-1p   2n_1p, 

v  =  -i E : 


a 
P 


that  is, 

V  =  cZ    v2Y(gP,gP)2    Y(g2p,g2P)2    ...Y(g2    P,g2    P,/CVi 

2n-l 
But  c     =1,  and  thus  the  equality  follows  from  Corollary 

1.24. 

This  shows  that  each  of  these  systems  (2)  of  equations 
and  hence  (1)  has  a  solution.   In  fact  we  obtain  one  set 
of  solutions  for  each  of  the  q  possible  values  of  c.   Thus 
the  existence  of  a  is  proven. 

Finally,  let  q  =  2;  that  is,  let  G  =  U,g}.   Since  y  is 
normalized  and  nonconstant,  y(g,g)  *  1.   Hence  there  exists 
(1-Y(g,g))"  ,  and  then  T (1-y (g,g) ) _1 (i+g) ]  is  a  nontrivial 
unit  of  K  [G]  with  inverse  i-g. 
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We  can  now  put  the  pieces  together  to  get  the  following 
result. 

Theorem  2.5.   If  G  is  a  nontorsion  free  group  and  K  is 
a  field,  then  Kt[GJ  always  has  nontrivial  units,  provided 
that  the  twist  function  is  nonconstant. 

Proof.   This  follows  directly  from  Lemmas  2.1  and  2.4. 

2.2   Nontrivial  Units  In  Twisted  Semigroup  Rings 

Let  S  be  a  semigroup  (possibly  infinite)  with   identity 

i.   Denote  by  G  the  largest  subgroup  of  S  containing  i. 

Let  R  be  a  ring  with  identity.   In  this  section  we  find 

conditions  necessary  to  insure  that  the  twisted  semigroup 

ring  R  [S]  does  not  have  nontrivial  units. 

Notice  that  in  this  section  we  have  the  twist  function 

normalized  but  not  necessarily  nonconstant. 

Lemma  2.6.   If  R  contains  a  nonzero  nilpotent  element, 
then  R  [S]  has  nontrivial  units. 

Proof.   Let  a  be  a  nonzero  nilpotent  element  of  R,  and 
let  n  be  the  smallest  positive  integer  such  that  a11  =   0.   Set 


fn/2  . e 
a  '   if  n  is  even, 
a(n+l)/2  if  n  is  01 


i-n/2 
b  = 

odd, 


Then  b  is  a  nonzero  element  of  R  such  that  b2  =  0.   Let 
s  e  S  with  s  *  i.   Then  (i  +  bs) (i  -  bs)  =  i. 
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Corollary  2.7.   Let  R  =  L-,    ©....©  L  be  a  finite 
1  J-  n 

direct  sum  of  left  ideals.   If  Rt[Sj  has  no  nontrivial  units, 
then  L-  is  a  two-sided  ideal  for  i  =  l,2,...,n. 

Proof.   Let  1  =  e-L  +  ...  +  e  ,  where  e^  e  L.  .   Then  the 

e-  are  orthogonal  idempotent  elements  of  R  such  that  L^  =  Re^ 

2 
Thus  if  r  e    R,  (e^re-;)   =  0  for  all  i  *  j.   By  hypothesis 

R  [SJ  has  no  nontrivial  units;  thus  Lemma  2.6  implies  that 

e.re.  =  0  for  i  *  j.   Hence  L^L-  =  R(e^Re.)  =  0  for  i  *  j . 

Therefore  L^  is  a  two-sided  ideal  of  R  for  all  i. 

Lemma  2.8.   Let  R  [S]  be  a  twisted  semigroup  ring.   Let 
n 
R  =   ©   R.  be  a  direct  sum  of  nonzero  ideals  R- ,  i  =  l,...,n. 
i=l   x  i'       '    ' 

Then  there  exist  Y^:S  x  S  -*■  R.,  i  =  l,...,n,  such  that 

n 
Y(s1,s2)  =  .S  Yj^SwS-)  for  all  ^si's2^  e  S  x  S,  and 

n  t. 
RtCSJ=   ©  R. 1[S]. 
i=l  x 


Proof.   Recall,  first,  that  y   is  defined  on  the  central 
units  of  R.   Clearly  u  =  u-^  +  u2  +  .  .  .  +  u   is  a  central  unit 
of  R  if  and  only  if  u^  is  a  central  unit  of  R^ ,  i  =  l,2,...,n. 
Let  9^  stand  for  the  canonical  epimorphism  from  R  onto  R. . 
Define  y±:    S  x  s  +  R±  by  y(s1,s2)  =  e^s-^s.).    Since  y 
and  6^  are  well  defined  functions  that  preserve  the  associa- 
tivity, so  does  y..      Moreover,  our  first  observation  shows 

that  Yi  is  defined  onto  the  central  units  of  R. .   Finally, 

n  n 

I   Yi(s1,s2)  =   Z   GiY(s1,s2)  -  y(s1,s2)  for  all  (s^s^  e 

n   t. 
S  x  s.   It  follows  that  R^LS]  =   ©  R.  IS]. 

i=l  X 


34 

We  remark  that  the  functions  y.    defined  in  the  former 
lemma  are  normalized  with  respect  to  the  identities   of  the 
respective  rings. 

Proposition  2.8.   Let  R  be  a  finite  (ring)  direct  sum 

of  nonzero  ideals  R^ , . . . , R  .   Then  the  following  conditions 

are  equivalent. 

(i)   R  [S]  has  no  nontrivial  units, 
t. 
(ii)   Each  R.Hs]  has  no  nontrivial  units  for  i  =  l,2,...,n, 

and  G  =  {i}. 

n    t. 
Proof.   By  Lemma  2.7Rt[S]=   ©   R.  [S];  thus  every 

t  i=1   1 

element  a  e  R  [Sj  can  be  written  uniquely  as  a  =  a1    +    ...  +  a 

t.  X  n 

with  ai  e  R^^  [S].   Hence  a  is  a  unit  of  RtCSj  if  and  only  if 

ti 
each  ot.^  is  a  unit  of  R.^  [S3.   Write  1  =  e±   +    ...  +  e  ,  where 

e.  is  the  identity  of  R. . 

t  fci 

Assume  that  RU[S]  has  no  nontrivial  units.   If  R.  [S] 

has  a  nontrivial  unit  v.  for  some  j,  then  e,  +  ...  +  v.  +  ... 

+  en  is  a  nontrivial  unit  of  RtCSJ.   Moreover,  if  there 

exists  g  e    G  such  that  g  *  i ,  then  e-.  g  +  e„  +  . .  .  +  e   is  a 

12  n 

nontrivial  unit  of  Rt[S].   Therefore  if  Rt[S]  has  no  non- 

t. 
trivial  units,  then  each  R^CS]  has  no  nontrivial  units, 

and  G  is  trivial. 

The  converse  follows  easily  from  the  fact  that  if 
v  =  v-j^  +  .  .  .  +  vn  is  a  nontrivial  unit  of  Rt[S],  then  for 
some  j,  Vj  is  a  nontrivial  unit  of  Rt[S],  provided  that 
G  =  {i}. 
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Theorem  2.9.   If  R  IS  J  has  no  nontrivial  units,  then 
R  has  no  nilpotent  elements,  and  either  R  is  indecomposable 
or  G  is  trivial. 

Proof.   This  follows  directly  from  Lemma  2.6  and 
Proposition  2.8. 

2.3   Nontrivial  Units  In  Twisted  Semigroup  Rings  Over 
Nontorsion  Free  Semigroups 

Gilmer  and  Teply  [11 ]  have  proven  that  if  S  is  a  torsion 
semigroup  and  RLS]  has  no  nontrivial  units,  then  the  charac- 
teristic of  R  is  2,3  or  0;  moreover,  if  R  is  an  algebra  over 
a  field,  if  S  is  torsion  and  if  R[SJ  has  no  nontrivial  units 
then  the  characteristic  of  R  is  either  2  or  3.   Finally, 
they  characterize  the  semigroup  rings  of  characteristic  2 
or  3  that  have  no  nontrivial  units. 

Let  S  be  a  nontorsion  free  semigroup  with  identity  i, 
and  let  G  be  the  largest  subgroup  of  S  containing  i.   More- 
over, let  R  be  a  ring  with  identity,  and  let  K  be  a  field. 
Denote  by  P  the  prime  subring  of  R,  and  denote  the  charac- 
teristic of  R  by  char  R.   If  s  e  S,  then  <s>  stands  for  the 
subsemigroup  of  S  generated  by  s.   In  this  section  we  extend 
the  previous  result  to  the  twisted  semigroup  ring  Rt[S] 
of  finite  characteristic  and  to  Kt[S],  showing  that  they 
have  always  nontrivial  units. 

We  begin  by  proving  some  preliminary  results,  the  first 
of  which  is  known. 

Lemma  2.10.   S  -  G  is  an  ideal  of  S. 
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Proof.   Let  s, ,s?  e  S  -  G,  and  suppose  that  s, s-  =  g  e  G. 
Then  Si  (s2g   )  =  i;  hence  s^  is  invertible  with  respect  to  i 
and  therefore  s-y    e  G.   This  contradiction  shows  that  S  -  G 
is  closed.   To  show  that  S  -  G  is  an  ideal,  suppose 
sg  =  g-^  e  G  for  some  s  e  S  -  G  and  g  e  G.   Then  s  =  g,  g~   e  G 
which  contradicts  the  choice  of  s.   Hence  (S  -  G)S  c  S  -  G, 
and  symmetrically  S (S  -  G)  c  S  -  G. 


Lemma  2.11.  Assume  S  -  G  contains  a  torsion  element. 
Then  either  char  R  =  2  or  else  R  [S]  has  a  nontrivial  unit 
with  support  in  S  -  G. 


Proof.   Let  s  be  a  torsion  element  of  S  -  G.   By  Theorem 
1.1  the  subsemigroup  <s>  contains  an  idempotent  e.   By  Lemma 
2.10  e  e  S  -  G.   Set  b  =  Y(e,e)-1.   Then  (i  -  2be)2  = 
i  +  4b[by (e,e)-l]e  =  i.   Hence  i  -  2be  is  a  nontrivial  unit 
of  R  IS]  with  support  in  S  -  G,  unless  char  R  =  2. 

Lemma  2.12.   Let  char  R  =  2,  and  let  e  be  an  idempotent 
of  S  different  from  i.   If  the  twist  function  is  nonconstant, 
then  e  is  contained  in  the  support  of  a  nontrivial  unit  of 

RtCSj. 

Proof.   Since  y  is  nonconstant,  then  the  group  of  units 
of  R  is  not  trivial.   Let  y(e,e)  =  c,  and  let  u  and  v  be 
different  units  of  R.   By  recalling  that  c  is  a  central  unit 
of  R,  then  [ui  +  c-1 (u+v) e ] [u_1i+c-1 (u-1+v-1) e]   = 
i+c"1L4+2u~1v+2uv"1]e  =  i. 
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Corollary  2.13.   If  all  the  units  of  RfclSj  are  contained 
in  R  L  G J ,  then  S  -  G  is  torsion  free,  provided  that  the 
twist  function  is  nonconstant. 


Proof.   Suppose  S  -  G  contains  a  torsion  element.   If 
char  R  *  2,    then  by  Lemma  2.11  Rt[S]  contains  a  nontrivial 
unit  with  support  in  S  -  G,  which  contradicts  our  hypothesis. 
On  the  other  hand,  if  char  R  =  2,  then  by  Theorem  1.1  S  -  G 
contains  an  idempotent  e.   Hence  by  Lemma  2.12  Rfc[S]  contains 
a  nontrivial  unit  with  e  in  its  support.   Therefore  S  -  G  is 
torsion  free. 

Proposition  2.14.   Let  G  be  a  nontorsion  free  group,  and 
let  R  have  finite  characteristic.   If  the  twist  function  is 
nonconstant,  then  R  [G]  has  nontrivial  units. 

Proof.   We  show  that  Pt[GJ  always  has  nontrivial  units. 
Let  char  P  =  n,  and  let  D  ■  {q^q^  . .  .  ,qfc}  be  the  set  of 
distinct  prime  divisors  of  n.   If  k  >  1,  then  P  is  decompos- 
able as  a  finite  direct  sum  of  q-rings.   Since  G  is  nontorsion 
free  by  hypothesis,  then  Theorem  2.9  implies  that  Pt[G]  has 
nontrivial  units.   On  the  other  hand,  if  k  =  1,  then  P  is  a 
q-ring.   Let  n  =  qm,  where  m  >  1.   Then  P  has  a  nilpotent 
element;  so  by  Lemma  2.6  P  [G]  has  nontrivial  units.   Finally, 
if  n  =  q,  then  P  =  GF(q);  hence  by  Theorem  2.5  Pt[G]  contains 
nontrivial  units. 

Theorem  2.15.   Let  S  be  a  nontorsion  free  semigroup  and 
let  R  be  a  ring  of  finite  characteristic  with  identity.   If 
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the  twist  function  is  nonconstant,  then  RfcLSJ  has  nontrivial 
units. 

Proof.   Let  s  be  a  torsion  element  of  S  different  from  i 
If  s  e  G,  then  G  is  a  nontrivial,  nontorsion  free  group; 
thus  Proposition  2.14  shows  that  Rt[G]  and  hence  Rt[S]  have 
nontrivial  units.   Let  s  e  S  -  G.   Then,  either  char  R  *    2 
and  the  result  follows  from  Lemma  2.11,  or  else  char  R  =  2. 
By  Theorem  1.1  and  Lemma  2.10,   <s>   contains  an  idempotent 
e  *  i.   Hence,  Lemma  2.12  shows  that  Rt[S]  contains  a  non- 
trivial  unit  when  char  R  =  2. 

If  we  follow  verbatim  the  proof  of  Theorem  2.15, 
except  for  changing  the  use  of  Proposition  2.14  to  Theorem 
2.5,  then  we  have  proven  the  following  result. 

Theorem  2.16.   Let  S  be  a  nontorsion  free  semigroup 
and  let  K  be  a  field.   If  the  twist  function  is  nonconstant, 
then  K  [S]  has  nontrivial  units. 

2.4   Zero  Divisors  In  Twisted  Group  Rings 

It  has  been  proven  [22,  Lemma  13.1.1]  that  if  G  is  a 

nontorsion  free  group  and  K  is  a  field,  then  K[G]  has 

proper  zero  divisors.   In  passing  to  the  twisted  group  rings 

case,  this  is  no  longer  true,  as  we  see  in  the  following 

example.   Consider  Qt[C4],  where  Q  is  the  field  of  rational 

numbers  and  C4  is  the  cyclic  group  of  order  4  generated 

by  g.   Let  tt    =    n   Y^g1),  and  assume  that 

i=l 

/tt1  $    K.    Then  x   -   t^  is  irreducible;  hence 
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K  I  C.  J  is  isomorphic  to  the  field  KLxJ/(x  -it-,).   On  the 

other  hand,  (i-g^) (i+g^)  =  0  gives  an  easy  example  of  proper 

zero  divisors  in  KlC^j. 

In  this  section  we  give  some  sufficient  condtions  for 

the  existence  of  proper  zero  divisors  in  K  [G]. 

If  g  is  a  torsion  element  of  prime  order  q  in  G,  let 
q-1      ± 

•^i  (g)  =  n  y  (g,g  )  • 

i=l 

Theorem  2.17.   Let  K  be  a  field,  and  let  G  be  a  non- 
torsion  free  group.   If  "/tt,  (g)  eK  for  some  element  g  e  G  of 
prime  order  q,  then  K  [G]  has  proper  zero  divisors. 

Proof.   Since  any  proper  zero  divisor  of  K  [H],  where 

H  is  a  subgroup  of  G,  is  a  zero  divisor  of  K  [G],  it  is 

sufficient  to  show  that  K  [(g)]  has  proper  zero  divisors 

for  some  g  e  G. 

Let   g    e    G  be   a   torsion   element  of   prime   order   q,    and 

k-1 
assume   that   q/rr7TgTeK.      Set   c   =   1/9/tt,  (g)    and  b,     =      II    Y^g1)- 

1  K        i=l 

Then 

q-1  , 
(i-cg)  (i+cg  +   Z  c  b,  ,gk)  = 
k=2    K_1 

i+cg  +   Z  ckbk_-.gk  -  eg  -   Z  ckb,  1gk-cq7r1  (g)i  =  (l-cqTr.  (g))i=0 
k=2    K  -1  k=2    k-i      L  1 


Corollary  2.18.   If  the  characteristic  of  K  divides  the 
order  of  some  element  of  G  and  the  twist  function  takes 
values  only  in  the  prime  field  of  K,  then  Kt[G]  has  proper 
zero  divisors. 


40 


Proof.   Let  char  K  =  q  >  0.   Then  the  prime  field  of  K 
is  GF(q).   Hence  q/x  c    K  for  all  x  e  GF(q).   By  Theorem  2.17 
the  result  follows. 

For  reasons  of  completeness  we  give  the  following  result, 
the  proof  of  which  resembles  that  of  the  ordinary  group  rings. 

Lemma  2.19.   If  G  is  a  torsion  free  abelian  group,  then 
K  [G]  is  an  integral  domain. 

Proof.   Since  G  is  a  torsion  free  abelian  group,  then  it 

admits  a  total  order  compatible  with  the  product.   Let  a  and 

t  n 

8  be  nonzero  elements  of  K  [G].   Write  a  =  i   a-x-    and 

m  i  =  l 

6  =   E  b.y. .   Since  G  is  ordered,  supp  a  and  supp  8  are  totally 

i=l  1  1 

ordered  subsets  of  G;  hence  the  leading  terms  of  a  and  8  are 

a  x„  and  b  v„,  respectively.   Thus  a8  has  a  nonzero  leading 

n  n      mJ  m    c  J  3 

term  a,  b_y  (x_  ,y_)  x_yrn,  which  proves  the  result. 

a.  in    n   in   n  in 


CHAPTER  III 
NILPOTENT  RADICALS  OF  NONCOMMUTATIVE  SEMIGROUP  RINGS 


Passman  [22,  theorem  1.9]  has  determined  the  nilpotent 
radical  of  a  group  ring  over  a  field  of  finite  characteristic 
in  the  following  result. 

Let  K  be  a  field  of  characteristic  p  >  0  and  let  G  be  a 
group.   Then  (i)  N[K[G]J  =  Jf K[ AP (G) ] ] -K[G] ,  where  AP(G)  = 
(x  £  G|  the  index  of  the  centralizer  of  x  in  G  is  finite  and 
the  order  of  x  is  a  power  of  p);  (ii )  . J[ K[ Ap  (G) ]  ]  =  N[K[AP(G)]J; 
and  (iii)  N[K[G]]  =  0  if  and  only  if  Ap  (G)  =  <1>. 

Gilmer   and  Parker  [10]  have  completely  characterized 

the  nilpotent  radical  of  any  commutative  semigroup  ring  in 

the  result  that  follows. 

Let  R  be  a  commutative  ring  and  let  {P-,  L  .   be  the 

A  A  e  A 

family  of  prime  ideals  of  R.   Let  S  be  an  abelian  semigroup. 

Then  the  nilpotent  radical  of  Rl'S]  is  n,  »  {P,[S]  +  1   }, 

Ae/l    A        p, 


A 

where  p^  is  the  characteristic  of  R/Pa   and  where  I    is  the 

PA 
ideal  of  Rl'S]  generated  by  the  set  {rxa  =  rx13 1  a„  b  };  if 

P 
P^  =  0,  then  I    is  the  ideal  of  R[S]  generated  by  the  set 

PA 
{rxa  -  rxb|  r  e    R  and  a  is  almost  equal  to  b}. 

The  natural  question  that  arises  immediately  is  whether 

this  result  is  valid  or  not  in  the  noncommutative  semigroup 

rings.   In  the  first  section  of  this  chapter  we  analyze  an 

example  of  a  noncommutative  semigroup  ring  over  a  field, 

showing  that  the  former  result  is  no  longer  true. 

41 
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Then,  what  is  the  nilpotent  radical  of  a  noncommutative 
semigroup  ring?   The  rest  of  this  chapter  deals  with  this 
question,  whose  answer  cannot  be  unique,  since  it  will  depend 
upon  the  particular  semigroups  and  rings  in  consideration. 
We  consider  some  known  families  of  noncommutative  semigroups, 
and  we  determine  the  nilpotent  radical  of  semigroup  rings 
constructed  with  them. 

Thus,  in  section  3. 2  we  study  the  nilpotent  radical  of  a 
semigroup  ring  R[S],  where  R  is  a  commutative  ring  with  iden- 
tity and  S  is  a  right  (left)  zero  semigroup.   Theorem  3.6 
shows  that  in  this  case  N[R[S]]  =  {Ea.x.  eR[S]|  Za.  e  N} 
where  N  is  the  nilpotent  radical  of  R. 

In  section  3.3  we  let  S  be  a  right  (left)  group  and  R  a 
ring  with  identity.   Theorem  3.19  handles  this  case  by 

showing  that  N[R[S]]  =  N[R[H1]]RLS]  +  C,  where  H1  is  amaximal 

n  n 

subgroup  of  S  and  C  =  R[H, ]W  with  W  =  {  Z  a.e.  la.  =  0, 

1  ;  i  l  1 '  .  ,  i 

,  i=l  i=l 

e.^  idempotent  of  S  and  n  e  Z  }.   In  section  3.4  we  consider  the 
family  S  of  semigroups  having  a  universally  minimal  ideal, 
and  we  let  R  be  a  ring  with  identity.   Proposition  3.26  states 
that  N[R[S]J  =  N[R[UJ]  ©  N[K],  where  U  is  the  group  of  zeroids 
of  S  and  K  the  kernel  of  the  canonical  epimorphism  6  :R[S]  -»- R[U], 
Then  we  apply  this  result  to  one  subfamily  of  S,    where  the 
product  outside  of  U  is  known. 

3. 1  An  Example 

In  this  section  we  consider  an  example  of  a  semigroup 
ring  F[S],  where  F  is  a  field  and  S  is  a  torsion  free  finite 
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semigroup.   We  calculate  the  radicals  of  FLSJ  to  show  that 
by  just  removing  the  commutativity  of  S  we  may  have  a  nonzero 
nilpotent  radical.   This  contrasts  the  following  result  of 
Gilmer  and  Parker  Eio]  on  commutative  semigroup  rings.   If 
either  R  is  a  ring  of  finite  characteristic  n  and  S  is  a 
p-torsion  free  semigroup  for  each  prime  divisor  p  of  n,  or  R 
is  a  ring  of  zero  characteristic  and  S  is  torsion  free,  then 
the  nilradical  of  R[S]  is  N[S],  where  N  is  the  nilpotent 
radical  of  R. 

Let  S  be  the  semigroup  defined  by  the  following  table. 


• 

i 

X 

y 

i 

i 

X 

y 

X 

X 

X 

y 

y 

y 

X 

y 

Notice  that  S  has  identity  element  i  and  is  torsion  free, 
but  S  is  not  commutative. 

Let  F  be  a  field.   Denote  by  (x,y>  the  ideal  generated 

by  x  and  y.   Let  L  =  {ai  +  bx  +  cy|a,b,c  e  F,  a  +  b  +  c=  0} 

2 
Clearly  L   £  l,  F[S]L  c  L  and  LF[Sj  c  L;  hence  L  is  an  ideal 

of  FES]. 

In  order  to  determine  the  radicals  of  F[S]  we  prove  the 
following  results. 


Claim  1.   L  and  <^x,y^  are  maximal  ideals  of  F[S]. 
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Proof.   Let  (L,a)  =  M  denote  the  enlargement  of  L  by  an 
element  a  =  ui  +  vx  +  wy  of  F[SJ  -  L;  that  is,  u  +  v  +  w  *  0. 
Since  ax  =  (u  +  v  +  w)x  e  M  and  since  (u  +  v  +  w) (i  -  x)  e  M, 
then  by  adding  both  elements  we  get  (u  +  v  +  w)i  e  M.   But 
u  +  v  +  w  has  an  inverse;  hence  i  e  M.   Therefore  M  =  F[S]. 

Similarly,   let  (<X,y>,3)  =  T  be  any  enlargement  of 
<x,y)  by  an  element  Q   =   ui  +  vx  +  wy  not  in  <x,y),  that 
is,  u  *  0.   Since  vx  +  wy  e  <x,y),  then  ui  and  hence  i  belong 
to  T.   Therefore  T  =  F[S]. 

Claim  2.   The  only  ideals  of  FLS]  generated  by  elements 
which  do  not  contain  i  in  their  support,  are  <x,y)   and 
(x  -  y). 

Proof.   Let  I  be  an  ideal  of  F[S]  such  that  i  <f  suppa 
for  all  a  e  I.   If  either  x  or  y  belongs  to  I,  then  xy  =  y  and 
yx  =  x  imply  that  (x,y)   =  {ux  +  vy |  u,v  e  F}  c  I. 

Let  bx  +  cy  e  I,  b   *   0,  c  *  0.   We  consider  two  cases. 

First  if  b  +  c  *  0  for  some  element  of  I,  then 
(bx  +  cy)x=  (b  +  c)x  e  I.   But  b  +  c  has  an  inverse;  thus 
x  e  I,  and  by  the  previous  paragraph  <x,y)  c  I.   By  Claim  1 
<x,y)  is  maximal;  hence  I  =  <x,y>. 

On  the  other  hand,  if  b  +  c  =  0  for  each  element  of  I, 
then  bx  +  cy  =  b(x  -  y)  e  I.   Hence  (x  -  y>  c  i.   Moreover, 
<x  -  y)  *  I  implies  that  there  exist  ax  +  by  e  I  such  that 
a  +  b  *  0.   This  contradiction  shows  that   x  -  y   =1. 

Claim  3.   An  element  of  F[S],  which  contains  i  in  its 
support,  generates  the  ideal  FLS]  if  the  sum  of  its  coefficients 
is  not  zero. 
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Proof.   Let  I  be  an  ideal  of  FlS.I.   If  ai  +  bx  c  I, 
where  a  *  0  and  a  +  b  *  0 ,  then  (ai  +  bx)x  =  (a  +  b)x  e  I 
implies  that  x  c    I.   Since  ai  =  (ai  +  bx)  -  bx  e  I,  it  follows 
that  i  e  I.   Therefore  I  =  F[Sj.   Similarly,  if  ai  +  cy  e  I, 
where  a  *  0  and  a  +  c  *  0,  or  if  ai  +  bx  +  cy  e  I,  where 
a  *  0  and  a  +  b  +  c  *  0,  then  i  e    I.   Hence  I  =  F[S]. 

So  far  we  have  found  the  ideals  (x  -  y  ),  (x,y  )  and  L. 
We  prove  next  that, in  fact, these  are  the  only  proper  ideals 
of  F[SJ. 

Claim  4.   Any  element  of  F[SJ,  which  contains  i  in  its 
support  and  which  has  the  sum  of  its  coefficients  equal  to 
zero,  is  a  generator  of  L. 

Proof.   Let  ai  +  bx  e  L,  where  a  *  0  and  a  +  b  =  0.   Then 
ai  +  bx  =  a(i  -  x)  e  (i  -  x).   Similarly,  if  ai  +  cy  e  L 
with  a  *    0  and  a  +  c  =  0,  then  ai  +  cy  =  a  (i  -  y)  e  (i  -  y)  . 
Now  let  a  =  ai  +  bx  +  cy  e  L,  where  a  *  0,  b  *  0,  c  *  0  and 
a  +  b  +  c  =  0.   Since  (i  -  x) (i  -  y)  =  i  -  x   and 
(i  -  y)  (i  -  x)  =  i  -  y,  then  (i  -  x )  =    (i  -  y  ).   Moreover, 
from  ot(i  -  x)  =  a   and  (i  -  x)  a  =  a(i  -  x),  it  follows 
\i  -  x>  =  <a).   Hence,  each  of  the  elementsof  L  containing  i  in 
its  support  generatesthe  ideal  (i  -  x).   By  definition,  any 
other  nonzero  element  of  L  is  of  the  form  bx  +  cy  with  b  *  0, 
b  +  c  =  0.   Then  bx  +  cy  =  b (x  -  y ) .   But  x  -  y  =  (i  -  y)  - 
-  (i  -  x)  ;  hence   (x  -  y)  c  <i  -  x) .      Therefore  L  =  <i  -  x">  . 
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Since  no  element  of  (x  -  y )   has  i  in  its  support,  then 
(x  -  y ^  is  strictly  contained  in  L.   By  claims  1  through  4 
the  lattice  of  ideals  of  F['SJ  is 


F[S 


<x,y> 


<x  -  y) 

I 
0 

2 
Since  (x  -  y)   =  0,  then  (x  -  y)  is  a  nilpotent  ideal. 

Also  i  -  x  and  x  are  idempotent  elements  of  L  and  (x,y), 

respectively.   Hence  these  ideals  are  not  nilpotent;  thus  the 

nilpotent  radical  of  F[S]  is  N[F[SJ]  =   <x  -  y).   Moreover, 

since  S  is  finite,  then  F[S]  is  Artinian.   Hence  J[F[S]]  = 

NLFCS]]  =  P[F[S]]  =   <x  -  y). 

3.2   Semigroup  Rings  Over  Right  (Left)  Zero  Semigroups  and 
Their  Nilradicals 

In  [  5  J  the  following  definition  is  given. 

A  semigroup  S  is  called  a  right  zero  semigroup  if 
xy  =  y  for  every  x,y  in  S.   The  left  zero  semigroups  are 
defined  by  duality.   In  spite  of  their  triviality,  these 
semigroups  arise  naturally  in  the  characterization  of  some 
larger  families  of  noncommutative  semigroups  that  we  consider 
in  further  sections.   Let  R  be  a  commutative  ring  with  iden- 
tity, and  let  S  be  a  right  zero  semigroup.   Our  goal  in  this 
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section  is  to  characterize  the  nilpotent  radical  of  RCS. I. 
But  first  we  need  the  following  four  lemmas. 

Lemma  3.1.   Any  right  ideal  of  RCS]  is  a  two-sided 
ideal. 

Proof.   Let  A  be  a  right  ideal  of  R[S].   Hence  ARCS]  c  A. 
Since  R  is  commutative,  then  RA  =  AR  c  A.   Moreover, 
S'Suppa  =  supp  a  for  all  a  e  A;  hence  SA  =  A.   ThenRCSjA  =A 
shows  that  A  is  also  a  left  ideal. 

Lemma  3.2.   Let  A  be  an  ideal  of R,  and  let  T  be  a  non- 
empty subset  of  S.   Then  ACT]  is  a  left  ideal  of  RCS]. 
Moreover,  ACS]  is  a  two-sided  ideal  of  RCS], 

Proof.   Any  subset  T  of  S  is  a  set  of  right  zeros;  hence 
ST  =  T.   Thus,  RCS]ACT]  cRACT]   =  ACT].   Also  ACS]S  £  ACS] 
and  ACS]  •  R  c  ACS]   imply   that  ACS ]RCS]  c ACS ] .   Hence  ACS] 
is  a  right  ideal,  and  the  result  follows  from  Lemma  3.1. 

Lemma  3.3.   Let  a  =  Ea.x.  be  an  element  of  RCS]  such 
that  Za^  =  0.   Then  the  principal  ideal  generated  by  a, 
is  (a)  =  Ra.   Moreover,  (a)  is  a  nilpotent  ideal  of  index 
two. 

Proof.   Since  ax  =  (Za^x  =  0  for  all  x  e  S,  then 
RaRCS]  =  0;  hence  Ra   is  a  right  ideal  of  RCS].   It  follows 
from  Lemma  3.1  that  Ra   is  a  two-sided  ideal;  that  is,  (a)  =  Ra. 
Moreover,  since  a2  =  (Za.j_x.j_ )  (Zaj_xi)  -  (Ea. ) (Za.x. )  =  0  and 
since  R  is  commutative,  then  (Ra) (Ra)  =  Ra2  =  0. 
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Lemma  3.4.   Let  R  be  an  integral  domain.   Let  I  be  a 
nilpotent  ideal  of  R[S],  and  let  a  =  Ea-x.  e  I.   Then 

La.  =0. 

l 

Proof.   If  x  e  S,  then  ax  =  (Ea^x  e  I.   Let  n  be  the 
index  of  nilpotency  of  I.   Then  0  =  [(Ea^x]11  =  (Ea.)nx;  hence 
(Ea^)   =  0.   Since  R  is  a  integral  domain,  then  Ea-  =0. 


Theorem  3.5.   Let  R  be  an  integral  domain.   Then  the 
nilpotent  radical  of  R[SJ  is  N[R[SJ]  =  {a  =  Ea^  |  Eai  =  0}. 
Moreover,  NLRLS]]  is  a  nilpotent  ideal  of  index  two. 

Proof.   Let  L  =  {Ea.x. I Ea .  =  0}.   By  Lemma  3.3,  if 
a  e  L,  then  (a)  =  Ra   is  a  nilpotent  ideal  of  R[S]  of  index 
two.   Hence  L  is  a  nilpotent  ideal  of  index  two. 

On  the  other  hand,  if  I  is  a  nilpotent  ideal  of  R[S], 
then  by  Lemma  3.4  I  c  L;  so  L  is  the  unique  largest  nilpotent 
ideal  of  R[S].   Thus  N[R[S]]  =  L. 

Using  this  result,  we  characterize  next  the  nilpotent 
radical  when  R  is  a  commutative  ring. 

Theorem  3.6.   Let  R  be  a  commutative  ring  with  identity, 
and  let  S  be  a  right  zero  semigroup.   Then  the  nilpotent 
radical  of  R[SJ  is  NLRLS]]  =  {Eaixi|Eai  e  N},  where  N  is  the 
nilpotent  radical  of  R. 

Proof.   Let  a  =  Ea^.  c     N[R[S]"|.  Let  P(R)  denote  the 
prime  radical  of  R.   Since  R  is  commutative,  then   N  =  P(R). 
If  P  is  a  prime  ideal  of  R,  then  R/P  is  an  integral  domain. 
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By  Theorem  3.5  NL(R/P)LSJJ  =  {Eb.y.|Eb.  =  0}.   Let 

9:  RLSJ  +  (R/P)fS]  be  the  canonical  epimorphism.   Since 

9(a)  =  Ea.^  e  N[(R/P)[S]],  then  Ea.  =  0.   Hence 

Ea-  +  P  =  P;  that  is,  Ea.  e  P.   Since  Ea-  belongs  to  each 

prime  ideal  P  of  R,  then  Ea .  e  nP   =  N.   Therefore, 

A  1       A 

N[R[S]]  c  {Eaixi|Eai  e  N} . 

Conversely,  let  3  =  Ebj_y.j_,  where   Eb .  e  N.   Since  R  is 

commutative,  there  exists  a  nilpotent  ideal  A  c  N  such  that 

Ebj_  e  A.   If  p  =  Ec-x.  e  R[S],  then  6p  =  (Eb^)  (Ec -x  - )  = 

E  Eb.c.  (x.y.)  =  E(Eb. )c-y-.   Hence  the  sum  of  the  coefficients 
3  l  1    J   1D     j  i     -J-1 

of  3p  is  (Eb.)  (Ec  •)  e  A.   By  a  similar  argument  the  sum  of 

i  J    J 

the   coefficients   of   any   element  of    ($)    =    {ct3   +   3p   +  n3   +   Ea- 3p 

1  i 

a,p,ai,pi  e  R[S],  n  e  Z  }  belongs  to  A.   Moreover,  if  6.  e  (3) 

i  =  l,2,...,n,  then  the  sum  of  the  coefficients  of  6,60...6 

1  z    n 

belongs  to  A  .   Let  k  be  the  index  of  nilpotency  of  A.   Then 

the  sum  of  the  coefficients  of  any  element  of  (3)   belongs  to 

A   =0.   It  follows  now  from  Lemma  3.3  that  (3)2k  =  0.   Hence 

(3)  c  N[R[S]];  and  so,  {EaixjjEai  e  N}  c  N[R[S]]. 

Therefore,  N[R[S]]  =  {Ea.x.lEa.  e  N}. 

l  l  '   l 

We  remark  that  if  S  is  a  left  zero  semigroup  and  R  is  a 
commutative  ring  with  identity  (integral  domain),  then  by 
duality  Theorem  3.6  (Theorem  3.5)  also  holds  in  RlS]. 

Corollary  3.7.   Let  S  be  a  right  (left)  zero  semigroup, 
and  let  R  be  a  commutative  ring  with  indentity.   Then  R[S] 
is  semiprime  if  and  only  if  R  is  a  semigroup  ring  and 
IS  I  =  1. 
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Proof.   Let  R  bo  a  semigroup  ring,  and   let  |s|  =  l. 
Then  R[  S  J  £  R;  hence  Nl'RLS]]  =  0. 

Conversely,  let  R  be  a  commutative  ring,  and  let  S  be  a 
right  zero  semigroup.   Assume  that  R[S]  is  semiprime.   Then 
N[R[SJ]  =  0.   Hence,  if  either  the  nilpotent  radical  N  of  R 
is  nonzero,  or  if  |s|  >  1,  then  by  Theorem  3.6  N[R[S]]  *  0. 
This  contradiction  shows  that  N  =  0  and  |s|  =  1. 

Corollary  3.8.   Let  R  be  a  commutative  ring.   Let  the 

semigroup  S  =  E,  *  E«  x  ...  x  E  ,  where  E.  are  right  zero 

semigroups.   Then  the  nilpotent  radical  of  R[S]   is 

n 
N[RLS]]  =  ©  {la.   .x. .  e  R[E.]|Za    £  N},  where  N  is  the 
i=l   j  ^  13       i  'j  ij 

nilpotent  radical  of  R. 

n 
Proof.   Since  R[S]  =   ©   R[E.],  then   the  conclusion 

i=l     1 
follows  from  Theorem  3.6. 

3.3   The  Nilpotent  Radical  of  the  Semigroup  Ring  of  A  Right 
(Left)  Group. 

A  semigroup  S  is  called  a  right  group  if  it  is  right 
simple  and  left  cancellative  [5  ].   Left  groups  are  defined 
dually.   Being  right  (left)  simple  means  that  the  semigroup 
contains  no  right  (left)  proper  nonzero  ideals;  thus  these 
semigroups  form  a  subfamily  of  the  simple   semigroups. 
From  now  on  we  consider  right  groups,  but  the  analogous 
conclusions  for  left  groups  will  follow  by  duality. 

Let  R  be  a  ring  with  identity,  and  let  S  be  a  right 
group.   In  this  section  we  find  the  nilpotent  ideals  of 
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the  semigroup  ring  R[SJ.   This  will  allow  us  to  completely 
characterize  the  nilpotent  radical  of  R[S]. 

We  begin  by  stating  two  important  results  on  right 
groups,  the  proofs  of  which  can  be  found  in  [5,  1.26,  1.27]. 

Lemma  3.9.   Every  idempotent  element  of  a  right  simple 
semigroup  S  is  a  left  identity  of  S. 

Lemma  3.10.   The  following  assertions  concerning  a  semi- 
group S  are  equivalent. 

(i)   S  is  a  right  group, 
(ii)   S  is  right  simple  and  contains  an  idempotent. 
(iii)   S  is  the  direct  product  G  x  E  of  a  group  G  and  a 
right  zero  semigroup  E;  that  is,  there  exists 
<J):G  x  E  ->  S:  (g,e)  ■+  ge,  such  that  <J>  is  an 
isomorphism. 

Let  E  =  ^ei^iei  stand  for  the  set  of  idempotents  of  S. 
By  Lemma  3.10  (ii)  E  is  nonempty.   By  Lemma  3.9  every  element 
of  E  is  a  left  identity  of  S;  thus  E  is  a  right  zero  semigroup 
of  S.   Let  e  e  E,  then  Se  =  eSe,  and  we  see  that  Se  is  a  sub- 
group of  S;  in  fact,  by  Lemma  3.10  (iii)  Se  ~  G  x  {e}.   Let 
n\  denote  the  subgroup  Sei,  where  e.  e    E.   It  follows  that 
for  any  e^,e.  e  E,  i  *    j,  the  subgroups  H.  and  H.  are  disjoint 
and  isomorphic  under  6^:H.  -»•  H  .  ,  where  8  •  •  (x,  •  )  =  x,  .  e  .  . 

J-J1      J  1]    Al        A 1  "j 

Moreover,  by  Lemma  3.10  (iii)  we  also  see  that  S  is  the 
disjoint  union  of  its  subgroups  H.,  i  e    I.   We  have  shown 
the  following  restatement  of  the  previous  results. 
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Lemma  3.11.   If  S  is  a  right  group,  and  E  =  {e.}.    is 
the  set  of  its  idempotent  elements,  then  the  following 
statements  hold. 

(i)   E  is  a  right  zero  semigroup, 
(ii)   ^  =  Sei  is  a  subgroup  of  S  for  all  ei  e  E,  with 
identity  1H .  =  e . . 
(iii)   If  ei,e.  e  E  with  i  *  j,  then  H.  n  H.  =  4>  and 

6.  .:H,  +  H.  defined  by  6.  .(x,  .)  =  x,  . e .  =  x,  .  is 

-LJ    -L       J  1J    Al        Al  J       Aj 

a  group  isomorphism, 
(iv)   S  =  ui£l  H.. 

Let  R  be  a  commutative  ring  with  identity,  and  let  S  be 
a  right  group.  As  a  direct  consequence  of  Lemma  3.11  we  get 
the  following  result. 

Lemma  3.12.   The  following  statements  hold  in  R[S], 
(i)   (  Z    R[H.])  n  R[H,]  =  0  for  all  j  e  I. 

(ii)   There  exist  a  group  ring  isomorphism  6  ..  :R[H .  ]  •*•  R[H.] 

such  that  6i.(R[Hi])  =  REHj^Je.  =  R[  H .  ]  for  all 

i,j  e  I. 
w 
(iii)   R[S]  =  SieIRCHi3»  a  internal  weak  direct  sum  of 

R-modules . 

(iv)   ej_  is  a  left  identity  of  R[S]  for  all  i  e  I. 

(v)   R[S]e.  =  R[H. ];  that  is,  each  RCH-]  is  a  left 

ideal  of  R[S]. 

Proof.   (i)   Follows  clearly  from  H.  n  H .  =  <ji  for  all 

i,j  e  I,  i  *  j.   (ii)  Let  0..  be  the  natural  extension  of  6-.; 

ID  i] 
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n 


that    is,    define    ()••:    Rill-  I    ■>   Rl  II .  J    by    ()■•(    Z    a,  .x,  .) 

1 J      -1       J       ^-D  -\  _i  ^  1  A 1 

n  n  A_i 

=  Af1aAiGij(xAi)  =  Af1aAi(xAiej)'   Since  Gij  is  a  semigroup 

isomorphism  between  the  basis,  then  0. .  is  a  group  ring 

isomorphism.      Hence   R[H.]    =    ^.(RCH^)    =   R[Ki]e..       (iii)    Fbllows 

directly  from  (i)  and  Lemma  3.11  (iv) .   (iv)  Is  clear  since 

ei  is  a  left  identity  of  S  for  all  i  e    I.   (v)  By  (iii)  and 

(ii)    we   get   R[S]e.    =    E.         R[H. ]e.    =   Z.    T    R[H.j    =   R[H.]. 

J       X  t  X       X    J       X  €  X       J  J 

From  now  on  we  fix  an  element  of  the  index  set  I,  say 
i  e  I. 

Lemma  3.13.  Let  B^^  be  a  two-sided  ideal  of  R[H,].  Then 
Bi  =  Biei  is  a  left  ideal  of  R[S]  for  every  i  e  I.  Moreover, 
B  =  ^igj8^  is  a  two-sided  ideal  of  R[S]. 

Proof.   By  Lemma  3.12  (ii)  CL.  is  a  group  ring  isomorphism 
for  all  i,j  e  I.   Hence  ^(B^  =  B±e±   =  Bi  is  a  two-sided 
ideal  of  R[Hi]  for  all  i  e  I.   Since  R[H.]B.  =  R[H.](e-B.) 
=  RCH.]B.  c  B.;  then  R[S]B.  =  Z.    TR[H.]B.  c  B- .   Thus, 

J--L       -1-  x       J6XJX       1 

Bi  is  a  left  ideal  of  R[S]  for  all  i  e  I.   Therefore, 

B  =  Ziel  Bi  is  a  left  ideal  of  RCS].  Moreover,  B.R[H.] 

-  Bj(eiR[Hi])  =  BiR[Hi]  c  b±  for  all  i,j  e  I.   Hence 

BjRCS]   =  BjEieI  RCHi]=EieI  B.R[H.]  c  E^B.  =  B.   It  follows 

that  BR[S]  =  ZieIBiR[S]  c  lielB   =   B;  thus  B  is  a  right  ideal 

of  R[S].   Therefore  B  is  a  two-sided  ideal  of  R[S]. 

Proposition  3.14.  ZUJ   N[R[HjLl]  c  N[R[S]]. 

Proof.   Let  NQ[R[H;L]]  c  N^RCH.^]  c  ...  c  N.[R[H.]]  c  ..., 
i  e  I,  and  NQ[R[S]]  c  N^RES]]  c  •••  c  N..[R[S]]  c  ...  be  the 
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chains  of  ideals  used  in  the  definition  of  the  nilpotent 

radical  of  RlII.1  and  RlSl  respectively.   We  use  transfinite 

induction.   Let  B,  be  a  nilpotent  ideal  of  R[H,].   By 

Lemma  3.12  (ii)  8. .  is  a  ring  isomorphism  for  all  i,j  e  I; 

hence    0, . (Bn )    =   B,e.    =   B.    is   a   nilpotent   ideal   of   R[H.], 
Ill  lii  c  l 

i  e  I,  with  the  same  index  of  nilpotency  as  B, ,  say  n.   By 

Lemma  3.13  B  =  E.  j  Bi  is  a  two-sided  ideal  of  R[S].   We 

2 

claim  that  B  is  nilpotent.   Since  B.B.  =  B.(e.B.)  =  B.,  it 

i  3  i  3    3  3 

follows  by  induction  that  B.  B.  ...B.   =  Bm   for  all 

12     m     m 

positive  integer  m.   Thus  B?  =  0  for  all  i  e  I  implies 

that  Bn  =  (EieI  Bi)n  =  ieI  B^  =  0.  Therefore  B  c  NQ[R[S]] 
and  consequently  %^el  NQ[R[Hi]]  c  NQ[R[S]].  This  shows  the 
first  step  of  the  induction  argument. 

Assume  that  l^   N^RCl^]]  c  Nk[R[S]]  for  all  the 
ordinals  k  <  j.   Suppose  j  is  not  a  limit  ordinal  and  let 
Al/Nj-1[RCH1]]  be  nilP°tent  in  RCH-^/N .  1[R[H1]] .   As  in  the 
previous  paragraph  Ai/N  .  ^RCH^  ]  =  B±il  A-^N  . _±t  RCI^  ]  ]  is  a 
nilpotent  ideal  of  RCH^/N .  1[R[Hi]  ] ,  i  e  I,  with  the  same 
index  of  nilpotency,  say  n.   As  a  clear  consequence  of 
Lemma  3.13  h/Z±eJ   Nj_1CR[Hi]]  =  EieI  Ai/Nj_1[RCHi] ]  is  an 
ideal  of  R[S]/EieI  N.  1CR[Hi]]  which  we  claim  is  nilpotent. 
Since 

Ai/Nj_1[R[Hi]]  •  At/Nj_1[R[Ht]]  =  A^N^CR^  ]  ]  •  e^/N  ■    $VL\  3  J 

=  A^/Nj_1[R[Ht]], 
by  induction  we  obtain 
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A  /U         [RLH.  J  J  ■  A.  /M.  ,[R[H.  ]]  •••  A.  /N .  ,rR[H.  j] 


2   J      -2  m   J  A    Am 


=  A™  /N ._1CRCH±  ]]. 

m   J       m 


Thus  (Ai/N   1CR[Hi]])n  =  0  for  all  i  e  I  implies  that 

(A/zi£iNj-i[R[Hi]])n  =    £iei(VVi[R[Hi]])n  -  °- 

Hence  A/EN  .  ^Rd^]]  is  nilpotent  in  R[ S]/EN ._1[R[H . ] ] . 
By  induction  hypothesis  (A  +  N .  1[R[S] ] ) /N .  1[ R[S] ]  is  nil- 
potent  in  R[S]/N.  1[R[S]];  hence  A  c  N.[R[S]].   Therefore 
Ziel  Nj^R^Hi^  '£  N.[R[S]].   If  j  is  a  limit  ordinal,  then 

N.[R[H,]]  =   u  N.  [RfH,  ]].   Thus 
J  h<j  n     -1 

ZieI    N.[RCH  .]]    =    I.        (    u    N    [RCH.]])    =      u     (E  .     _N.[  R[  H .  ]  ] ) 
J  J-  lex    h<j    n  l  h<_.       iei    n  l 


c      u    NK[R[S]]    =    N.[R[S1J. 
h<j 


h  D 


Since  N[R[Hi]]  =  N  [RC^]]  for  some  ordinal   x,  eventually 
we  get  EieIN[R[Hi] ]  c  N[R[S]]. 

So  far  we  have  obtained  nilpotent  ideals  of  R[S]  as 
sums  of  nilpotent  ideals  of  R[Hi],  i  e  I.   We  now  see  that 
this  is  not  always  the  case. 

Lemma  3.15.   Let  A  be  a  nonzero  proper  ideal  of  R[S]. 
Let  A^  =  A  n  R[H.],  i  «  I.   Then  the  following  statements 
hold: 

(i)  Ai    is  an  ideal  of  RER^]  for  every  i  e  I,  and  thus 
is  a  left  ideal  of  R[S]. 


(ii)  A^    ~  A.  for  all  i,j  e  I. 
(iii)   If  A'  =  0  for  some  i  e  I,  then  A-  =  0  for  all 

i  e  I.   In  this  case  AR[S]  -    0;  hence  A  is  nilpotent 
of  index  two. 

Proof.   (i)  Since  A-RCH.]  £  AR[H.]  =  A.,  and  symmetrically 
R[HiJAi  £  Ai;   it  follows  that  Ai  is  an  ideal  of  R[H.i]  for 
every  i  e  I.   By  Lemma  3.13  each  Ai  is  a  left  ideal  of  R[S]. 

(ii)  AiR[H-j  c  A  n  R[H. ]  =  A . ;  hence  A-  2  Aj.ej. 
Symmetrically  hi    2  A^eH  =  6 • • (A . ) .   Thus 

Ai  2  6.^)  2  e-.tA.e.)  =  A.e-e.  =  Aiei  =  A.. 

Since  9^.  are  monomorphisms ,  we  conclude  that  A^  ss  A  •  . 

(iii)   Let  A-  =  0  for  some  j  e  I.   By  (ii)  it  is  clear 

that  Ai  =  0  for  all  i  e  I.   By  Lemma  3.12  (v)  RCR^]  is  a  left 

ideal  of  RLSJ;  hence  ARCH^]  c  A  n  R[H. ]  =  0  for  all  i  e  I. 

Then  ARLSJ  =  AZ.  _RLH. ]  =  Z.    TAR[H.]  =  0  by  Lemma  3.12  (iii). 
leli      lei     1        J 

In  particular,  A2  c  AR[Sj  =  0. 

n  n 

Definition.   W=  {  Z  a.e. |e.  e  E,  £  a.  =0,  a.  e  R, 

i=l  1  1   1  i=l 
and  n  e  Z  }. 

Lemma  3.16.   Let  L1  be  a  left  ideal  of  R[H,].   Then 

L-j^w  is  a  nilpotent  ideal  of  R[S]  for  all  w  e  W,  w  *'  0. 

n 
Proof.   Let  x  e  H ■ ,  and  let  w  =  I    aiei  e  w-   Since 
n  n  i=l 


wx  = 


L   ai(eix)  =  (  E  a±)x  =   0,  then  wR[H.  ]  =  0  for  all  i  e  I, 
i-1  i=l  J 

Hence  wR[S]  =  ZjeI  wRCHj]  =  0.   Thus  L]LwR[Sj  c  L,w.   By 

Lemma  3.12  (v)  RCS]!^  =  R[S](e1L1)  =  RCH^L,  =  L,;  so 


RLSjL^w   £   l,w.      Therefore,    L-^w   is    a    two-sided   ideal   of   RLSJ. 

2 
Finally    (L-^w)       =   L,  (wLjw  =   L-,»0*w   =   0    implies    that   L,w   is 

nilpotent. 

Proposition  3.17.   Let  C  =  {  E   a-  e-   +   Z   a,  ■  x.  ■ 

-I    ^"  n    J- -i         •      i    A^l~   A  *>  1 

11= 
tn  tx  t2 

•  •  •  +   Z   a-,  ■  x-v  .     Z   a.   =   Z 

,A1     AT1.      ,    1  _ 

in=l   n  n   n  n   i]=l   1    xo~^ 


tx  t2 

a-  e-  +   Z 
ix=l   1   1    i2=l  A2X2  A2X2 

-n  ^l         u2  fcn 

aA.i.  =  '""  =  .Z  ,aA  i   =  0; 


2  2         in=l   n  n 
xA.i   e  Hi.'  xA.mek  =  xA.k'  m'k'Ln    e  X>    fcj  and  n  e  Z+' 

j  =  l,2,...,n}.   Then  C  is  a  nilpotent  ideal  of  R[S]  that  con- 
tains every  ideal  A  of  R[Sj  such  that  ARCS]  =  0.   Moreover, 
C  =  REH^W. 

Proof.   Define  if;:  R[S]  +   RCH^]  by  4>  (a)    =  ae^   By  Lemma 
3.12  (v)  ijj  is  clearly  an  R-module  epimorphism.   Moreover, 

ijj(a6)  =  {a&)e1   =   a(3e1)  =  a(e]_3e1)  =  (ae-^  (Be-,^  ■  iMa)<MB) 

and  so  ^  is  also  a  ring  epimorphism. 
Let  a  e  Ker  ty .   Write 

vi  „2  m 

a  =   Z   a.  e.   +   Z   aA  .  x,     .   +  •••  +   Z   a,  •  x,  .  , 

Dl=l   1   1    D2.=1   2J2   2Jz         3n=1   m  m  m  m 


where  xA  ^   e  H   ,  xA  nek  =  xA  k;  that  is,  the  elements  in  the 
support  of  one  summation  belong  to  different  subgroups,  and 
all  of  them  have  the  same  image  under  any  of  the  group 
isomorphisms  6nk  for  all  n,k  e    I.      Then 
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s 


0   =    0(a)    =   ae      =      E      a       (e,    e    )    +      I      a       .     (x>     .    e, )    +    . . 

j1=l    Dl      31    ±  j2=l    A2J2      A2D2    1 


2" 
bm  H  t2 


+      Z      aA    i    (xA    i    ei)    =    (    z      a.    )e.    +    (   Z      a,     .    )x,    .    +    ... 
jm=l    Vm      Art^m   1  j    -l    ^      1  j      x    A^      ^1 


t 
m 

+    (    Z      aA    i    )xA    1  • 
j    =1    Vm      Am1 


fcl  fc2  t 

z  m 


Hence  Z      a   =   I   a,  .   =  ...  =   Z   a,  .   =0.   It  follows 
3l=l    ^i    j2=i  ^^2         jm=l  Am3m 

that  a  e  C,  and  therefore  Ker  ty   c  c. 

On  the  other  hand,  it  is  clear  that  \\>  (C)  =  0,  thus 
C  c  Ker  ip,  and  we  conclude  that  C  =  Ker  \p    is  an  ideal  of  R[S] 

From  ^(RCHj^DW)  =  R[H1](We1)  =  RCH^  •  0  =  0 ,  we  get 
RCH-^W  c  c.   Let  a  e  C.   By  the  definition  of  C  we  can  write 

tl  t?  t 

3l-l  Jl  Dl    j2=l  A2^2  A2^2  j  =1  Vm  Vm 

But  XA.lei.  =  XA  i   imPlies  that  we  can  rewrite 
i    i      iJi 

a  =  e,   S   a.  e.   +  x,  ,   £   a,  .  e .   +     + 
1  jx-l  ^1  Jl  X21    j2=i  ^2^2    •' 

t 

+  XA  1  ,Z   aA  j  ej  ' 
m   1=1   mJra  Jm 
m 


t. 
and  since    T.1 


3 


1      aA  i   =  0/  i  =  l,...,m,  then   Z1  a,  ■    e. 
i=1   iDi  j,=l  AiDi  3i 


e  W. 


Hence  a  e  RCH^W,  it  follows  that  C  c  RCH-jlW.   Therefore 
C  =  R[H1]W.   Whence  C2  =  RC^]  (WR[HJL] )  W  =  0  by  Lemma  3.16 
Thus  C  is  nilpotent. 
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Finally,  if  A  is.  an  ideal  of  Rl.  S  J  such  that  AR[SJ  =  0, 
then  Ae,  =  0.   Hence  A  c  Ker  ty   =   C. 

Proposition  3.18.   Every  element  a  of  R[ S ]  can  be  uniquely 
expressed  as  a  =  a,  +  a  ,  v/here  a-,  e  R[H,]  and  a   e  C. 

Proof.   Let  a  e  R[S],   As  in  the  proof  of  Proposition 

3.17  we  can  write 

t,  t?  t 

a  =   E   a.  e.   +   E   a   .  x   .   +  ...  +   Em  a,  .  x,  .  , 

j.=l  Jl    31        j  =1  A2D2  A2D2         j  =1  Vm  Vm 
1  2  Jm 


where  x,  ,e.  =  x,  .  .   Set 

A  .  J_  I  .  A  .  "I  . 

1    Jl  1J1 

tl  t2                                              t 
d,  =  -E   a .  ,  d~  =  -E   a,  .,...,  d   =  -E   a,  .  . 

3i=2  1       Dt=2   2j2           -j  =2   mJm 

1  J2                   Jm 


Then  we  can  rewrite  a  as  a,  +  a  ,  where 

l     c 

al  =  [(afdl)el  +  (aA9l  "  d2)xA,l  +  •••  +  (aA  l"dm)xA  l3 

2         2  mm 

and 

fcl  t2 

a  =   E   a.  e.   +  d,e,  +   E   a,  .  x,  .   +  d9x,  ,  +  ...+ 

jx=2  ]1  ^1     1   1         j2=2  A2^2  X2D2     2  A2X 

t 

~m 
+  l      a,  .  x,  ■   +  d  x,  -,  . 
-;   ->  ah   a  i      m  A  1 
j    =2      mJm  irrm       m 

m 

Clearly  a,  e  R[H, ],  and  since  by  construction 
t. 
d.-  +   E   a,  .   =0   for   i  =  l,2,...,m,  then  a   e  C. 
1    j.=l  Vi 

Suppose  now  that  a  =  a,  +  a   and  also  a  =  6-,  +  8  , 

-L       C  J.       C 

where  a1,B1  e  RCI^]  and  ac,6c  e  C.   Since 


60 

a,  -  3,  =  a   -  (3   e  R|  H-j^  1  n  C  =  0,  then  a,  =  3,  and 

a   =  6  ,  which  proves  that  the  representation  is  unique. 

We  remark  that  Proposition  3.18  can  be  restated  by 
saying  that  R[S]  =  R[H, ]  ©  C  is  a  direct  sum  of  left  ideals 

Theorem  3.19.  Let  R  be  a  ring  with  identity,  and  let 
S  be  a  right  group.  Then  the  nilpotent  radical  of  R[S]  is 
N[R[S]]  =  Ei£l  N[R[Hi]]  +  C  =  NCRCHj ] ]R[S] . +  C. 

Proof.   By  Propositions  3.14  and  3.17  it  follows  that 


ZieI  N[R[Hi]]  +  C  c  N[R[S]]. 

Hence  N[R[S]/C]  =  N[R[S]]/C  ~  NERC^]]  by  Lemma  3.18.   Thus 
N[R[S]]=  N[R[H1]]  +  C  =  N[R[H1]]R[S]  +  C. 

Finally,  by  Proposition  3.12  (iii)  N[ REH^  ] ]R[S]  = 
N[R[H1]](ZieIR[Hil)  =  ZieIN[R[H1]](eiR[Hi])  -  L±e jN[ R[ H±] ] . 


3.4   Semigroup  Rings  Over  Semigroups  With  Universally  Minimal 
Ideals,  and  Their  Nilradicals 

An  element  u  of  a  semigroup  S  is  called  a  zeroid  element 

of  S  if,  for  each  element  s  e  S,  there  exist  x,y  e  S  such 

that  sx  =  ys  =  u.   It  follows  that  if  S  has  a  zero  element, 

this  will  be  the  only  zeroid  of  S.   Let  A  be  an  ideal  of  S. 

Then  A  is  called  locally  minimal  if  it  contains  no  proper 

subideal.   A  is  called  universally  minimal  in  S  if  it  is 

contained  in  every  ideal  of  S.   It  is  an  easy  consequence  of 

these  definitions  that  a  semigroup  S  contains  a  universally 
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minimal  ideal  A  if  and  only  if  it  contains  a  zeroid  element, 
and  then  A  consists  of  all  the  zeroids  of  S. 

Clifford  and  Miller  [ 4  ]  have  shown  that  the  set  U  of 
zeroid  elements  of  S  is  either  vacuous  or  a  subgroup  and  two- 
sided  ideal  of  S.   Moreover,  the  identity  element  z  of  U 
commutes  with  every  element  of  S,  and  the  mapping 
6:  S  ■*■   U:  s  -*-  zs(=sz)  is  an  epimorphism.   They  define  the 
core  of  S  to  be  the  subsemigroup  J  =  {x  e  S|xz  =  z};  thus  J 
contains  z  as  zero  element.   Finally  the  subsemigroup  U  u  J 
of  S  will  be  called  the  frame  of  S. 

An  easy  example  of  a  semigroup  with  universally  minimal 
ideal  is  provided  by  the  direct  product  of  any  group  and  any 
semigroup  with  zero. 

Let  R  be  a  ring  with  identity,  and  let  S  be  a  semigroup 
without  zero  such  that  S  contains  a  universally  minimal  ideal 
U.   In  this  section  we  first  show  that  R[S]  is  a  ring  direct 
sum  of  two  known  ideals.   Using  this  decomposition,  we  find 
the  general  form  of  the  nilpotent  radical  of  R[S].   Finally 
we  apply  these  results  to  semigroup  rings  over  a  subfamily 
of  semigroups  with  universally  minimal  ideals,  where  the 
multiplication  in  the  semigroups  is  known. 

We  begin  by  stating  as  a  remark  some  facts  taken  from 
the  main  theorem  in  [4  ] . 

Remark  3.20.   The  following  conditions  hold  in  S: 
(i)   8:S  ->  U:  s  -*■  sz,  is  a  semigroup  epimorphism,  where 
z  =  ly .   Moreover,  zs  =  sz  for  all  s  e  S. 
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(ii)   S  =   u  J(u),  where  J(u)  =  8   (u)  =  {seS  |  sz=u=zs} . 
UeU 
(iii)   J(u)  n  U  =  u  and  J(u)  n  J(v)  =  <J>  for  all 

u,v  e  U,  u  *  v. 

(iv)   J(z)  =  J  =  {s  e  S|  sz  =  zs  =  z}. 

(v)   J(u)J(v)  c  j(uv)  for  all  u,v  e  U. 

Lemma  3.21.   Let  6:  R[S]  +  R[U]  be  the  natural  extension 
of  6;  that  is,  e(Zaisi)  =  Ea^s).   Then  9  is  a  semigroup 
ring  epimorphism. 

Proof.   By  definition  8  is  clearly  an  R-module  homomor- 
phism.   Moreover,  by  Remark  3.20  (i)  6  is  an  epimorphism. 
Since  zs  =  sz  for  all  s  e  S  and  z2  =  z,  it  follows  that  8  is 
also  a  ring  epimorphism. 

n        n 
Definition  3.22.   Let  K(u)  =  {  I   a^  |  Z   a .  =  0 , 

i-1      i=l  1 

xi  e  J(u)  and  n  e  Z+}  and  set  K  =  E     K(u). 

Lemma  3.23.   K  is  an  ideal  of  RLS]. 

Proof.   We  show  that  K  =  Ker  8.   Let  Zaj_xi    e    K(u).   Since 
e(EaiXi)  =    Zai8(xi)  =  la±  (x±z)  =  (Za;L)u  =  0,  then  8(K(u))  =  0. 
Thus,  8(K)  =  0,  and  therefore  K  c  Ker  8. 

On  the  other  hand,  let  a  e  Ker  8,  and  write 

a  =  IaiUi  +  I    I   bjkx 

1        j    k   J   ujK 

where  xu  k  e    J(Uj)  -  {Uj}  for  all  k.   Then 
0  =  6(a)  .  Za.u.  ♦  I    z   bjk(x   .)  .  Ea.u.  +  J (lb   )Uj. 
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After  renaming  conveniently  the  subindexes,  we can  write 

0  =  6(a)  =  I (a.  +  Lb.,)u. ;  hence  at  +  Eb..  =  0  for  each  t, 

t  t  k  tk  t  t        k  tk 
Thus 


a  =  Z  (a.  u.  +  I  b^jX    )  e  ZK(u^)  £  k. 
t         k    *  Utk     t 

Therefore  Ker  0  =  K. 

We  are  now  in  the  position  to  show  that  the  semigroup 
ring  of  a  semigroup  having  a  universally  minimal  ideal  is 
completely  determined  by  the  group  ring  of  the  group  of 
zeroids  and  the  ideal  K. 

Theorem  3.24.   R[S]  =  R[Uj  ©  K  (ring  direct  sum). 

Proof.   It  follows  from  the  definition  of  K(u)  and  (ii) 
of  Remark  3.20  that  R[Uj  nK(u)  =  0  for  all  u  e  U.   Hence 
R[UJ  n  K  =  0. 

By  Lemma  3.2  3  K  is  an  ideal  of  R[Sj.   Since  U  is  an  ideal 
of  S,  we  get  readily  that  RLUJ  is  also  an  ideal  of  R[SJ.   As 
K  is  the  kernel  of  the  epimorphism  0,  it  follows  that 
RLSj/K  ~  R[U].   Thus  RLS]  =  R[UJ  +  K. 

Corollary  3.25.   If  the  semigroup  S  coincides  with  its 
frame,  then  R[S]  =  R[U]  ©  K(z). 

Proof.   Since  S  =  U  u  J,  then  Ker  6  =  K(z)  and  the 
result  follows  from  Theorem  3.24. 

Proposition  3.26.   The  nilpotent  radical  of  R[SJ  is 
N[R[S]]  =  N[R[U]]  e  N[K].   In  particular,  if  S  =  U  u  J,  then 
NLRLS]]  =  NCRLUJ]  ©  N[K(z)]. 
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Proof.   This  follows  directly  from  Theorem  3.24  and 
Corollary  3.25. 

Corollary  3.27.   Let  S  =  U  u  J,  where  J  is  a  right  zero 
semigroup  with  zero,  and  let  R  be  an  integral  domain.   Then 
N[R[S]]  =  N[R[U]]  ©  K(z)  . 

Proof.   Since  K(z)-z  =  z-K(z)  =  0,  then  K(z)  is  an  ideal 
of  R[J].   By  Theorem  3.5  K(z)  is  nilpotent;  hence  the  result 
follows  by  Proposition  3.26. 

So  far  we  have  seen  that  the  nilpotent  radical  of  R[S] 
is  determined  by  the  nilpotent  radicals  of  R[U]  and  K.   If 
we  want  to  find  out  what  the  nilpotent  radical  of  K  looks 
like,  we  need  to  know  how  the  multiplication  among  the  elements 
of  the  sets  J(u)  is  defined.   The  classification  for  the 
possible  infinite  semigroups  with  a  given  frame  is  an  open 
problem;  next  we  sketch  a  simple  construction  due  to  Clifford 
and  Miller  [  4  ]  that  shows  there  exist  an  infinite  number  of 
such  semigroups,  and  we  find  their  nilpotent  radical. 

Let  the  group  U  and  the  semigroup  J  with  zero  be  given. 
By  identifying  the  identity  of  U  with  the  zero  of  J  and 
defining  xu  =  ux  =  u  for  all  u  e  U  and  x  e  J,  we  get  a 
semigroup  SQ  whose  frame  coincide  with  itself.   This  Sn  is  a 
special  case  of  the  following  type  of  semigroup. 

Associate  with  each  element  u  e  U  a  set  J(u)  in  any  way 
subject  to  the  conditions  (iii)  and  (v)  of  the  Remark  3.20. 
For  each  u  e  U,  determine  a  right  and  a  left  representation 
of  J  by  single  valued  mappings  of  the  set  J(u)  into  itself 
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such  that  (a)  left  and  right  mappings  commute  with  each  other, 

(b)  the  element  z  e  J  maps  every  element  of  J(u)  into  u,  and 

(c)  all  the  mappings  leave  fixed  the  element  u  e  J(u).   The 

multiplication  in  the  class  sum  S  of  all  J(u)  is  defined  as 

follows.   Within  J(z)  it  is  defined  as  originally  given  in  J. 

For  k  e  J  and  a  e  J(u)  we  define  ak(ka)  to  be  the  image  of  a 

under  the  mapping  corresponding  to  k  in  the  right  (left) 

representation  already  determined.   Finally  for  x   e  J(u)  and 

xv  e  J(v)  where  u  *  z  and  v  *  z ,  we  define  x  x   =  uv,  where 

uv  is  the  product  of  u  and  v  as  originally  given  in  U.   Then 

each  S  =   u  J(u)  is  a  semigroup  with  frame  Sn  =  U  u  J. 
ueU  u 

Lemma  3.28.   The  sets  K(u)  are  nilpotent  ideals  of  index 
two  in  R[S]  for  all  u  *' z. 

Proof.   Let  a  =  Za.x.  e  K(u),  let  p  =  Ic,x,  e  R[J[  (v)  ] 

i  k  K  k 

where  u  *  z  and  v  *  z,  and  let  <5  =  Ed  y   e  R[J(z)].   Since 

t   t   z 
laL   =   0,    then   ap    =    (Za.x.)  (Ec.a    )    =    Z    Za.c,  (x-a,)    =    Z(Za.)c,(uv) 
i  ikK  ki1K1K  ki1 

=  0.   Hence  K(u)R[J(v)]  =  0  for  all  u,v  e  U  with  u  *    z  and 

2 
v  *  z.   In  particular,  Ku  c  KuR[J(u)]  =  0.   On  the  other  hand, 

a6  =  (Za.x. ) (Zd.y  )  =  Z  Za.d  (x.y  ).   Since  x . y.  e  J (u) J (z) c J (u) 
i  J-  -^  t  ti1  lt: 

and  since  Z  Za.d   =  (Za.)(Zd.)  =  0,  then  a6  e  K(u).   Therefore 

tic     i1   t  Z 
K(u)  R[J(z)]  c  K(u).   Moreover,  from  S  =  uJ(u)  we  get 

R[S]  =  ZueU  R[J(u) ].   Hence 

K(u)R[S]  =  K(u)[  Z      R[J(v)]  +  RCJ(z)]]  =  K  (u)  R[  J  (z)  ]  c  K  (u)  . 

veU-{z} 

Symmetrically  R[S]K(u)  c  K(u),  and  the  result  follows. 
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Theorem  3.29.   The  nilpotent  radical  of  R[S]  is 
N[R[S]]  =  NCRCU]]  ffi  (ZUcU_{z}K(u)  +  N[K(z)]).  ■ 

Proof.   By  Proposition  3.26  N[R[S]]  =  N[R[U]]  ©  N[K] . 
But  N[K]  =  N[E    K(u)],  and  since  K(u)  is  a  nilpotent  ideal 
of  index  two  for  u  *  z  by  Lemma  3.28,  then 
N[K]  =  N[EueUK(u)]  =  ^U€U_{z}K(u)  +  (N[R[J]]  n  K(z)  = 
Eu£U-{z}K(u)  +  N[K(z)]. 


CHAPTER  IV 
SEMIPRIME  SEMIGROUP  RINGS 


In  commutative  semigroup  rings  Gilmer  and  Parker  [10] 
have  proven  the  following  result.   Let  R  be  a  commutative 
ring  with  identity,  and  let  S  be  an  abelian  semigroup.   If 
either  the  characteristic  of  R  is  zero  and  S  is  torsion 
free  or  else  the  characteristic   of  R  is  n  and  S  is  p-torsion 
free  for  each  prime  divisor  p  of  n,  then  N[S]  is  the  nil- 
potent  radical  of  R[S],  where  N  is  the  nilpotent  radical 
of  R.   It  follows  clearly  that  under  the  conditions  of  this 
result  R[Sj  is  semiprime  if  and  only  if  R  is  semiprime. 

In  this  chapter  we  are  mainly  concerned  with  the  problem 
of  determining  conditions  on  R  or  S  that  will  give  rise  to 
semiprime  (twisted)  semigroup  rings. 

We  have  already  seen  in  Corollary  3.7  that  if  E  is  a 
right  (left)  zero  semigroup  and  R  is  a  commutative  ring 
with  identity,  then  R[EJ  is  semiprime  if  and  only  if  R  is  an 
integral  domain  and  |E|  =  1.   As  a  direct  consequence  of 
Theorem  3.19  we  have  that  if  S  is  a  right  (left)  group  with 
more  than  one  idempotent  (that  is,  S  is  not  a  group)  and  R 
is  a  ring  with  identity,  then  R[SJ  is  never  semiprime. 
Finally,  if  S  is  a  semigroup  with  universally  minimal  ideal 
U  and  R  is  a  ring  with  identity,  then  it  follows  from 
Proposition  3.26  that  R[S]  is  semiprime  if  R[u]  and  K  are 
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semiprime,  where  K  is  the  kernel  ideal  of  the  canonical 
epimorphism  from  R[S]  into  R[U]. 

Now  we  let  R  be  a  ring.   In  Theorem  4 . 5  we  prove  that 
if  S  is  a  semigroup  satisfying  a  suitable  condition,  then 
the  twisted  semigroup  ring  R  [S]  is  semiprime  if  and  only  if 
R  is  semiprime. 

In  section  two  we  consider  two  types  of  semilattices . 
The  first  is  a  semilattice  PQ  with  a  zero  element  and  in 
which  all  the  nonzero  idempotents  are  primitive.   The  second 
type  of  semilattice  P,  has  also  zero  element   and  satisfies 
the  following  condition:   if  F  is  a  subset  of  P-,  ,  then  either 
g*l'b{x|x  e  F}  belongs  to  F  or  else  there  exist  x,y  in  F  such 
that  g*l*b{x,y}  is  in  P-,  -  F. 

Next,  we  consider  two  families  of  semigroups  which  admit 
relative  inverses.   We  say  that  a  semigroup  S  belongs  to  the 
family  S  if  (i)  S  admits  relative  inveres,  (ii)  the  idempotents 
of  S  commute,  and  (iii)  the  semilattice  of  subgroups  S   of  S 
is  isomorphic  to  PQ .   Then  in  Theorem  4.11  we  decompose  R[S] 
as  an  internal  weak  direct  sum  of  ideals  which  are  completely 
determined  once  R[Sa]  is  known  for  each  a  e  PQ .   This  allows 
us  to  characterize  the  nilpotent  and  Jacobson  radicals  of 
R[SJ.   Further,  if  we  let  F  be  a  field  and  use  results  of 
group  ring  theory,  we  can  give  necessary  conditions  for  F[S] 
to  be  semisimple  and  regular  in  Corollaries  4.15,  4.16  and 
4.17. 

Passman  has  related  semiprime  group  rings  with  their 
center  in  the  following  two  results  [22,  Theorems  2.12  and 
2.13J. 
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(A)  Let  KLGJ  be  a  group  ring  over  a  field  of  character- 
istic 0.   Then  (i)  K[GJ  is  seraiprime,  (ii)  Z[K[G]]  is  semi- 
prime,  and  (iii)  ZLKlGJJ  is  semisimple. 

(B)  Let  KlG]  be  a  group  ring  over  a  field  of  character- 
istic p  >  0.   Then  the  following  are  equivalent. 

(i)   K[G]  is  semiprime. 
(ii)   Z[K[G]]  is  semiprime. 
(iii)   ZLKLG]]  is  semisimple. 
(iv)   G  has  no  finite  normal  subgroups  H  with  p | H | . 
(v)   A (G)  is  a  p1 -group,  where  A (G)  =  {x  e  G|  the  index  of 
the  centralizer  of  x  in  G  is  finite}. 

In  Corollary  4.18  we  apply  (A)  and  (B)  to  the  group  rings 
F[Sa_l,  a  e  P„,  to  obtain  a  similar  result  between  F[SJ  and 
ZCFCSJ]. 

Finally,  we  say  that  a  semigroup  S  belongs  to  the  family 
t  if  (i)  S  admits  relative  inverses,  (ii)  the  idempotents  of 
S  commute,  and  (iii)  the  semilattice  of  subgroups  Sa  of  S  is 
of  type  P-^   Then  in  Theorem  4.21  we  prove  that  R  [S  ]  is 
semiprime  if  R[Sa]  is  semiprime  for  all  a    e    P  . 

4.1   Semiprime  Twisted  Semigroup  Rings 

In  this  section  we  first  show  that  a  twisted  semigroup 
ring  R  [SJ  is  semiprime  if  and  only  if  the  ring  R  is  semi- 
prime,  provided  the  semigroup  S  satisfies  a  suitable  condition. 
From  this  we  are  able  to  determine  the  nilpotent  radical  of 
this  semigroup  ring. 
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The  following  definitions  are  due  to  Banaschewski  [2  J. 

Definition  4.1.   Let  X  be  a  subset  of  a  semigroup  S.   An 
element  x  of  X  is  called  an  extremity  of  X  is  for  all  positive 
integer  n,  xn  =  s1s2...sn,  s^    e  X,  implies  si  =  x  for  all  i. 

Definition  4.2.   A  semigroup  S  is  said  to  satisfy  con- 
.  dition  (E)  if  every  nonempty  subset  of  S  has  an  extremity. 

It  is  clear  that  any  totally  ordered  semigroup  S  sat- 
isfies condition  (E) ,  since  the  greatest  and  the  least 
element  of  any  finite  subset  X  of  S,  are  extremities  of  X. 
Moreover,  if  a  semigroup  S  satisfies  condition  (E)  and 
x   =  yn  for  x,y  e  S,  then  x  =  y  for  n  =  1,2,...;  that  is, 
S  is  power  cancellative.   Banaschewski  proved  also  in  [  2  ], 
that  any  cancellative,  power  cancellative  abelian  semigroup 
satisfies  condition  (E) . 

We  might  think  of  the  possibility  of  defining  a  weaker 
condition  than  (E)  on  S,  both  conditions  related  in  the  same 
way  as  the  p-torsion  free  condition  is  related  to  the  torsion 
free  one.   Namely,  we  would  define  a  p-extremity  of  a  subset 

X  of  S  as  an  element  a  such  that  aP  =  s,s~...s   ,  s.  e  X, 

1  Z  n'   i     ' 

P 

implies  that  a  =  s1   =   s2  =  . . .  =  s   .   Then  we  could  set  that 

P 
a  semigroup  S  satisfies  condition  (E  )  if  any  nonempty  finite 

subset  X  of  S  has  a  p-extremity.   This  would  allow  us  to 
differentiate  between  twisted  semigroup  rings  over  rings  of- 
finite  characteristic  from  those  whose  rings  have  characteris- 
tic 0,  as  Gilmer  and  Parker  [10]  did  in  commutative  semigroup 
rings. 
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Now  assume  that  S  satisfies  condition  (E  ) ,  and  let  a 

P 

be  a  p-extremity  of  a  finite  subset  X  of  S.   Let  an  =  s,s~...s  , 

12    n' 

I 

s.  e  X,  and  choose  m  e  Z   such  that  p   >  n.   Then 

mm  m 

p     n  p  -n  p  -n  , .  . 

a    =  a  a'-     =  s,s2...s   a^    .   Hence  condition  (E  )  implies 

that  a  =  s^  =  s-  =  ...  =  s  ;  that  is,  a  is  an  extremity.   This 

shows  that  (E)  and  (E  )  are  equivalent  conditions  in  S. 

We  begin  by  emphasizing  a  direct  consequence  of 

Definition  4.1. 


Lemma  4.3.   Let  S  be  a  semigroup  satisfying  condition 
(E) ,  and  let  X  be  a  nonvoid  finite  subset  of  S.   If  a  is  an 
extremity  of  X  and  n  is  a  positive  integer,  then  a11  is  an 
extremity  of  Xn  =  {x,x2...x  |x.  e  X} . 


Proof.   Let  (an)m  =  y1y2-..y  ,  where  m  e  Z+  and  each 


n 


y.j_  =  xiixi2-'"xin  1S  an  element  of  X   for  1  <  i  <  m.   Then 

,  n .  m    nm    .  . 

(a  )   -  a    -  (x11x12...xln)...(xmlxm2...xmn).   But  a  is  an 

extremity  of  X;  hence  a  =  x. .  for  all  i  and  j.   Therefore 

a"  =  Y-l  =  ...  =  ym. 

Proposition  4.4.   Let  R  be  a  ring,  and  let  S  be  a 
semigroup.   If  the  twisted  semigroup  ring  R  [S]  is  semiprime, 
then  R  is  semiprime. 

Proof.   Assume  that  R  [S]  is  semiprime.   By  way  of  con- 
tradiction, suppose  that  there  exists  a  nonzero  nilpotent 

ideal  A  of  R.  By  section  1.5   A  [S]  is  a  nonzero  ideal  of  Rt[S] 

k 
Let  m  be  the  index  of  nilpotency  of  A,  and  let  a  =  E  a.s. 

i=l  X    X 
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k 


be   a    nonzero   element   of   AfclSj.      Then   a"1   =    (    }]    a .  s .  )m   =    E  (a      s      ) 

i=l    X    X  Xl    Xl 

(ai    s.    )---(a.    S;.     )    with   L   =      1,2, ...,k      and    (i    ,i       ...i    )    e 
2      2mm  m 

L   x. . .  x  L  =  L    .      But    (a.    s.     )(a.    s.     ) • • • (a.    s.    )    =a.    a.    y  (s.     , 

Xl    Xl         X2    x2  xm   %  Xl    V       V 

Si2)ai3",aimY(Si1Si2,"SV1'Sm)    sls2**-sm=   °»    since 

Vi2Y(SilSi2)ail",aimY(SiiSi/"Si      ,'8i    )    6    ^  =   °' 

i.      z  1      z        3  m    12     m-1   m 

Hence  am  =  0 .   Therefore  Afc[S]  is  a  nilpotent  ideal  of  Rt[S], 
which  contradicts  our  assumption;  thus  R  is  semiprime. 

Theorem  4.5.   Let  R  be  a  ring,  and  let  S  be  a  semigroup 
satisfying  condition  (E) .   Then  the  following  conditions  are 
equivalent: 

(i)   The  twisted  semigroup  ring  R  [S]  is  semiprime. 
(ii)   R  is  semiprime. 

Proof.   If  R  [S]  is  semiprime,  then  by  Proposition  4.4 
R  is  semiprime. 

Conversely,  assume  that  R  is  semiprime.   By  way  of  con- 
tradiction, suppose  that  Rt[S]  contains  a  nonzero  nilpotent 

ideal  B.   Let  h  be  the  index  of  nilpotency  of  B,  and  let 
r 

8  =  I   b.s.  be  a  nonzero  element  of  B.   Then 
i=l  1  x 

0  =  8h  =  (  Z  b  s  )h  =   E  (b.s.)r  +  I(b.  s.  )-..(b.  s.  ) 
i=l        i=l  x  x  xi   1i  in   !n 

with  M  =  {1,2, ...,r}  and  (i1,i2, . . . f ±h)  e  {x  e  Mh |  not  all 

coordinates  of  x  are  equal}.   Now  supp  B  is  a  finite  subset 

of  S,  and  since  by  hypothesis,  condition  (E)  holds  in  S, 

then  there  exists  s.  extremity  in  supp  8.   Thus  sh  *  s.  s.  --.s. 

12     n 
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whenever  iR  *  j  for  some  k=l,2,...,h.   It  follows  that 

0  =  (bjSj)h  -  b^s.s.Jbj  ...  Y(s5"1,s.)s^  -  b|?cs!j,  where 

c  =  Y(Sj,Sj)y(s.,s.)  ...  y(s.   ,s.).   Hence  be  ■  0.   Since 

the  images  of  y   belong  to  the  units  of  R,  then  c  is  a  unit. 

Therefore  b.  =  0;  that  is,  b.  is  a  nilpotent  element  of  R. 

But  B  is  an  ideal;  so  the  set  D  =  { (xy (s2 , s  . ) -1s2) B   + 

3      3  3 

+    6(yY(sj,s2)~1s2)  +  (Y(s2,s.)_1s2)n6  + 

m 

+  tl    (x.Y(sj/Sj)"  sj)6(yiY(s?,sj)~1s.) |x/y,xi,yi  e    R,  n  e  Z, 

m  e  Z  }  is  contained  in  B.   Since  s.  is  an  extremity  of 

supp  3,  it  follows  from  Lemma  4.3  that  s3.  is  an  extremity 

of  the  support  of  any  element  of  D.   Hence  all  the  elements 

of  the  principal  ideal 

m 
(b.)    =    {xbj+bjy+nbj  +  I    xibjyi|x,y,xiyi  e   R,  n  e    Z,  m  e  Z  +  } 

of  R  are  coefficients  of  s .  in  elements  of  B  having  s3  as 

3  ^  3 

an  extremity  of  their  support.   By  the  argument  in  the 
previous  paragraph,  the  h-th  power  of  each  of  these  elements 
is  zero.   Therefore  (b.)  is  a  nonzero  nilpotent  ideal  of  R, 
which  contradicts  our  hypothesis. 

The  preceding  result  allows  us  to  determine  the  nilpo- 
tent radical  of  R  [S]. 


Theorem  4.6.   Let  R  be  a  ring,  and  let  S  be  a  semigroup 
satisfying  condition  (E) .   Then  the  nilpotent  radical  of 
the  twisted  semigroup  ring  Rt[S]  is  N[Rt[S]]  =  Nt[S],  where 
N  is  the  nilpotent  radical  of  R. 
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Proof.   Let  N0  c  n,  c  ...  c  n.  c  ...  and 
N0[R  tS]1  c  N1(Rt[S11  c  ...,  be  the  chains  of  ideals 
used  in  the  definition  of  the  nilpotent  radical  of  R  and 
R  [S'J,  respectively.   We  show  that  Nfc[S]  c  N[Rfc[S]]   by 
transfinite  induction.   We  have  seen  in  the  proof  of  Pro- 
position 4.4  that  Bt[S]  is  a  nilpotent  ideal  of  Rt[S]  for 
each  nilpotent  ideal  B  of  R.   Hence  N^[S]  c  N()[RtCS]].   This 
shows  the  first  step  of  the  induction  argument. 

Assume  that  N^[S]  c  NiCRt[S]]  for  all  the  ordinals 
i  <  j.   Suppose  j  is  not  a  limit  ordinal  and  let  A/N._,  be 


m. 


and 


a 
r 
m 


a  nilpotent  ideal  of  R/N._,  with  index  of  nilpotency 
k  3  k 

Let   f   =      I   as      e   AC[S].      Then   fm  =    (    I    a    s    ) m  = 

y—i    r  r  n  r  r' 

r-i  r=l 

Ma   s   ) (a   s   )-«-(ar  s^  )  with  X  =  {1,2, ...,k} 
rl  rl    r2  r2       rm  rm 

(rlfr2, . . . ,r  )  e  X  x  ...  x  x  =  Xm.   But 

(ar  Sr  )   (ar  Sr  )  '  '  '  (ar  Sr    ]    =   ar   ar  ^(s^  ,s   )a   ••• 
rl  rl    r2  r2      rm  rm     rl  r2    rl   r2   r3 

Y(s   ...s    ,s   )s   ...s^   e  Nt[S]  . 
rl     m-1  rm   rl     rm     1 


Since  a   a   y(s   ,s   )a   ...a   y(s^  ...s^    ,s^    )  e  Am  =  0. 

rl  r2    rl   r2   r3     rm   rl     rm-l   rm 

Thus  (A/N.  x)  [S]  is  a  nilpotent  in  (R/N ._,) fc[ S] ;  hence 

A  [S]/N.  1t[S]  is  a  nilpotent  ideal  of  RfcC  S]/N  ._;,t[  S  ] .   By 

induction  hypothesis  Afc[S]  +  N .  _±[ Rfc[ S] ]/N ._,[ Rt[ S] ]  is 

nilpotent  in  Rt[S]/N .  1  Rt[S]];  so  Afc[S]  c  N.[Rt[S]]. 

Therefore  N^[S]  c  N.[Rt[S]].   If  j  is  a  limit  ordinal,  then 

N-  =   u  N..   Since  by  induction  hypothesis  N.CS]  c  N[Rfc[S]] 
J    i<  j  x 
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for  all  i  <  j,  then 

N.LSJ  -  u   N^CSJ  c   u   N.[Rt[S]]  =  N.CRtcs]]. 
3  i<j   X      i<j  x  1 

Finally,  since  N  =  NT  for  some  ordinal  t,  we  have  that 
NtLSj  c  N[Rt[S]. 

Conversely,  since  R/N  is  a  semiprime  ring,  it  follows 
from  Theorem  4.5  that  (R/N)t[S]  is  semiprime;  thus  RtCS]/NtCS] 
is  semiprime.   Since  N[Rfc[S] ]/Nt[S]  c  N[(R/N)fc[S]]  =  0,  then 
N[Rt[S]]  c  Nt[SJ. 

Proposition  4.7.   Let  R  be  a  ring  with  identity,  and 
let  S  be  a  semigroup  with  identity  in  which  condition  (E) 
holds.   Denote  by  Z[Rfc[S]]  the  center  of  R^S].   If  R  is 
semiprime,  then  Z[Rt[SJ]  is  semiprime. 

Proof.   By  Theorem  4.5  and  the  hypothesis,  it  follows 
that  R  LSj  is  semiprime.   Suppose  that  there  exists  an  ideal 
A  of  ZCRt[S]]  such  that  A2  =  0.   Let  a  e  A,  then  a2  =  0. 
Moreover,  since  a  is  in  the  center,  aRt[S]  is  a  two-sided 
ideal  of  Rfc[S].   Now  (aRt[S])2  =  a2Rt[Sj  =  0.   Since  Rt[S] 
is  semiprime,  it  follows  that  aRtCS]  =  0;  hence  a  =  0,  and 
consequently  Z[R  [S]]  is  semiprime. 


4.2   On  Semigroup  Rings  Over  Semigroups  Admitting  Relative 
Inverses 

In  this  section  we  apply  the  results  of  section  3.4  to 
semigroups  of  a  type  first  discussed  by  Clifford  [ 3  ]  and 
largely  studied  since  then  [5  ],  [6  J,  [19]. 
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A  semigroup  S  is  said  to  admit  relative  inverses  if,  for 
any  element  s  in  S,  there  exist  elements  e  and  s '  in  S  such 
that  es  =  se  =  s  and  ss '  =  s's  =  e.   By  a  semilattice  we 
mean  a  commutative  semigroup  all  of  whose  elements  are  idem- 
potents.   Let  a  and  3  belong  to  the  semilattice  P;  then  if 
a3  =  3  we  write  a  >  3.   This  defines  a  partial  order  on  P 
with  the  property  that  any  two  elements  have  a  greatest 
lower  bound,  namely  its  product. 

We  are  interested  in  semigroups  admitting  relative 
inverses  and  such  that  every  pair  of  idempotents  commute. 

Clifford's  main  result  [3  ]  on  these  semigroups  may  then 
be  stated  thusly: 

Every  semigroup  which  admits  relative  inverses  and 
such  that  every  pair  of  its  idempotents  commute,  is  isomorphic 
with  a  semigroup  S  constructed  as  follows. 

Let  P  be  any  semilattice,  and  to  each  a  in  P  assign  a 
group  Sa   such  that  no  two  of  them  have  an  element  in  common. 
To  each  pair  of  elements  a  >  3  of  P  assign  a  homomorphism 

*a&:    Sa  *  s3   such  that  if  a  >  3  >  y,  then  4>aB*eY=<J>ar 
We  call  this  a  transitivity  condition  on  the  homo mo rph isms. 
Let  *aa  be  the  identity  automorphism  of  S  .   Let  S  be  the 
class  sum  of  the  groups  S  ,  and  define  the  product  of  any 
two  elements  aa,bg   of  S (aa  e  Sa   and  b   e  Sg)  by 

aab3  =  (aa*ctY*  ^b3*3y^'  wnere  a3  =  Y  is  the  product  of  a  and 
3  in  P. 

Conversely,  any  semigroup  S  constructed  in  this  fashion 
admits  relative  inverses,  and  every  idempotent  element  of  S 
is  in  the  center  of  S. 
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The  semilattice  P,  the  groups  S  ,  and  the  homomorphisms 
^aB  together  constitute  a  complete  set  of  invariants  of  S. 

The  only  result  that  we  know  on  semigroup  algebras  over 
this  type  of  semigroup  is  due  to  Munn  [18].   He  proved 
that  under  suitable  conditions  on  the  characteristic  of  the 
field  and  the  order  of  the  subgroups,  the  semigroup  algebra 
of  a  finite  semigroup  which  admits  relative  inverses  is  semi- 
simple  if  and  only  if  the  idempotents  commute. 

Let  PQ  be  a  semilattice  with  zero  elements  w  such  that 
every  element  of  PQ  -  {w}  is  primitive;  that  is,  for  all 
a,B  e  Pq  -  {w},  aB  =  w.   Denote  by  S  the  family  of  all  semi- 
groups S  with  the  following  properties:   (i)  S  admits  relative 
inverses;  (ii)  the  idempotents  in  S  commute;  and  (iii)  S  has 
Pq  as  the  semilattice  of  subgroups. 

Lets  e  S,  and  let  (Sa}acP    and  {0aw:  Sa  +  Sw | a  e  PQ} 
stand  for  the  sets  of  semigroups  and  homomorphisms  of  S 
respectively.   Finally,  let  R  be  a  ring  not  necessarily  with 
1.   Our  first  goal  in  this  section  is  to  characterize  R[S] 
as  a  weak  direct  sum  of  ideals  which  are  completely  determined 
once  the  RLSaJ   are  known. 

We  begin  by  relating  the  semigroup  S  with  the  semigroups 
having  a  universally  minimal  ideal. 

Lemma  4.8.   Let  S  e  S.   The  following  conditions  hold 
in  S. 

(i)   S  is  a  semigroup  with  universally  minimal  ideal  S 


w 


(ii)       The    frame   of   S    is    StT    u   J,    where   J   =    u      „      Ker   9 

w  otePQ  aw 
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-1 


(iii)   The  classes  J(u)  are  defined  by  J(u)  =  u   „  0   (u) 

aeP»  aw 

for  each  u  e  S  . 

w 

(iv)   Let  S  (u)  =  S   n  J(u);  then  S  (u)SQ(v)  =  uv,  and 

Sa(u)Sa(v)  c  Sa(uv)  . 

Proof.   (i)   Let  a   e  S„  and  u  e  S  .   Then  a  u  = 

a     a  w         a 

eaw(aa)9ww(u)  e  Sw;  that  is'  Vw  £  Sw  for  a11  a  e  V   Hence 

SS      c    s    ,    and   symmetrically   St  S   c    S    .      This    shows    that   S      is 
WW  w      —       w  w 

an  ideal  of  S.   Moreover,  Sw  is  a  group  and  therefore  is  a 

simple  semigroup.   Finally,  since  xy  e  S   for  x  e  S  ,  y  e  S„, 

w  a      u  p 

where  a  and  B  are  distincts  and  a  *   w  *    6,  it  follows  that 
Sw  is  universally  minimal. 

(ii)   By  definition  J  =  {s  e  Slse   =  e  }.   Let  x  e  J  n  S 

ww  a 

for  some  a  in  PQ.   Then  ew  =  xew  =  ©aw(x)ew  implies  that 

6aw(x)  =  ew;  hence  x  e  Ker  eaw-   0n  the  other  hand,  if 

Y  e  Ker  9aw'  then  ^ew  =  0aw(y)ew  =  ew  shows  that  y   e    J'    and 
the  result  follows. 

(iii)   By  definition  J(u)  =  {s  e  Slse   =  u} .   Let 

w 

s  e  S   o  J(u).   Then  u  =  se,  =  6   (s)e   implies  that 

a  w    aw    w   . c 

9aw(s)  =  u;  that  is  s  e  eaw(u)>   Moreover,  if  t  e  0-1(u), 
then  tew  =  eaw(t)ew  =  u  shows  that  t  e  J(u).   Therefore 

J(u)  =  u   D  9-1(u)  . 
aeP_  au 

(iv)   Let  x,z  e  sa(u)  and  y  e  S„ (v)  with  a,B  e  P  and 
u,v  e  Sw.   Then  0aw(x)  =  u  and  6gw(y)  =  v.   So  for  a  *    0 
Xy  =  6aw(x)eBw(y)  =  uv  imPlies  that  Sa(u)Sg(v)  =  uv.   More- 

°ver'  0aw(xz)  =  6aw(x)eaw(z)  =  UV;  so  xz  e  Sa  n  J(uv)  = 
Sa(uv).   Thus  Sa(u)Sa(v)  c  Sa(uv). 
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n       n 
Recalling  definition  3.22,  we  let  K(u)  =  {  Z  a.x.l  E  a.=0 

!_1    11.    ,    1 

1=1     1=1 

and  x.  e  J(u)}  and  K  =  I   _.  K(u). 
l  Ue  b 

w 

Now  we  can  apply  the  results  of  section  3.4  to  obtain 
the  following  result. 


Proposition  4.9.   R[S]  =  R[ S  ]  e  K  as  a  ring  direct 

w  J 

sum. 


Proof.   This  follows  directly  from  Lemma  4.8  and 
Theorem  3.24. 

m 

Define  C  (u)  =  {  Z    r  (x.-u)|r.  e  R,  x.  e  S  (u)  and 

•  _T  -i-   J-      x       i     a 

m  e  Z  }  and  C   =  I      „  C  (u) . 
a    ueS   a 
w 

Lemma  4.10.   C    is  an  ideal  of  R[S]  for  each  a  e  Pn . 

Proof.   First  notice  that  C   =0,  since  S  (u)  =  u  for 

w  w 

each  u  e  S^.      Assume  a  *  w,  a  e  PQ .   By  definition  it  is 

clear  that  C  c  k.   Hence  C  R[S]  c  KR[ S  ]  =  0  and 
u  a    w  ~     w 

R[Sw-ICa  E  R[SW]K  =  °*   To  show  that  c    is  closed  under 
multiplication,  it  is  enough  to  prove  that  the  product  of 
the  generators  of  Ca  is  in  Ca .   Let  x-u  and  y-v  belong  to 
Ca(u)  and  Ca (v) ,  respectively.   Then  (x-u) (y-v)  = 
xy-xv-uy+uv  =  xy-eaw (x) v-ue^w (y) +uv  =  xy-2uv+uv  =  xy-uv. 
By  Lemma  4.8  (iv)  xy  e  Sa (uv) ;  hence  xy-uv  e  C  (uv) .   There- 
fore, C  (u)C  (v)  £  C  (uv)  for  all  u,v  e  S  .   It  follows 

L*       IX  Ct  W 

that  C  C   c  c  . 

a  a  -   a 

Now  let  x-v  e  C  (v) ,  and  let  an  =  Ea.x.   +  Eb.y.  belong 

^*  U     .   1  1       .   "1  "I         3 

l         l  J  J 
to  K  ,  where  x.  e    S  (u)  and  y.  e  J(u)-S  (u) .   Then 
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a   =  Ea . (x. -u)  +  Zb.y.  +  (Za.)u.   After  remaining  conveniently 

i  j  ■'  -1     i 

we  can  write  a   =  Za.(x.-u)  +  Zc,z,  ,  where  each  z,  e  S0  (u) 

u.ll         -   K  K  JC      p 

1  K. 

for  some  6  *   a,  B  e  PQ.   Then  z.(x-v)  =  z,x-z,v  = 
e6w(zk)9aw(x)"eBw(zk)v  =  uv_uv  =  °'  and  (x±-u)(x-v)  = 
xix-xiv-ux+uv  =  xix-0aw^xi^ v-u6  w^  +  uv  =  x . x-2uv+uv  = 

x.x-uv  e  C  (uv)  since  x.x  e  S  (u)S  (v)  e  S  (uv)  by  lemma 
i        a  l     a     a       a 

4.8  (iv)  .   Hence  a  (x-v)  =  Za .  (x .  -u)  (x-v)  +  Zc  z  (x-v)  = 

u        i  i   i  k  k  K 

Ea. (x.x-uv)  e  C  (uv) .   Therefore  K(u)C  (v)  c  c  (uv) .   It 
■j  ot        ot 

follows  now  that  KC   =  (ZK(u))(EC  (v) )  =  ZZK  C  (v)  c  ZC  (uv)= 

ot  a  u  a        a 

u      v         vu  v 

C  .   Symmetrically  C  K  c  c  .   Thus  C   is  an  ideal  of  K.   Then 

w  cx      ot  ot 

by  Proposition  4.9  Ca  is  an  ideal  of  R[S]. 

Theorem  4.11.   The  ideal  K  =  Zw  _,  C   is  the  internal 

weak  direct  sum  of  the  ideals  C  .   Hence  R[S]  =  R[ S  ]  0  Z    c 

a  wJ     aeP_  a 

Proof.   Let  f  e  K.   From  K  =  Z     K(u)  and 

U  €  D 

w 
(  Z  K(u))  n  K(v)  =0,  it  follows  that  f  can  be  written 
u*v 
uniquely  as  f  =  Z     f  with   f   e  K(u).   Let 

._  LI  6  o    Li  LI 

nn  w      n 

1  k 

fu  :    l    ,ai,Vi.  +  ••'  +  l    _ai.x„  -i  '  where  *„  i   e  Sa  («)• 

iJi      i 

n- 


jx=l  Dl  alDl  jk=l  3k  Vk 


'1 
Since  f  e    K(u),  we  may  write  f^     Z   a..  (x„,  A    -u)  +  •••  + 


j1=l  Jl   "1J1 


nk 


Z   a .  (x   -u) .    Suppose  that  f   can  be  expressed  in  a 


3k  Jk      h 


mn 


different  way;  say  f   =   Z   b   (y     -u)  +  ■••  + 

U    t  =1  tl      "l1^ 

mk 


1      bt  (ya  t  "u)  with  ?n    t-   e  5n     (u) 

t.  =1  ck    Vk  aiti       ai 


Then 
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nl  ml 


(   £   a.  (x   •  -u)  -   E   b   (y    -U)  +  ...  + 

j1=l  31     al3l  t1=l  fcl   "lh 

nk  nk 

(   E   a   (x    -u)  -   E   b   (y     -u)  )  =  0. 

jk=l  ^k   akJk  tk=l  fck   akfck 


But  the  support  of  any  two  sets  of  terms  in  parenthesis  are 

disjoint;  hence  each  term  inside  of  a  parenthesis  must  be  0. 

ni  mi 

Then   E   a.  (x   .  -u)  =   E   b   (y    -u)  in  C   (u)  for  all  i 

ji=l  Ji   aiJi      ti=l  zi      aiti        ai 

It  follows  that,  except  by  possibly  for  order,  the  elements 
are  identical.  This  shows  that  each  f  has  a  unique  repre- 
sentation in  Zaep  Ca(u);  hence  f  can  be  uniquely  expressed 

in  EZC  (u)  =  EC  . 
ua  a      a  a 

Therefore,  K  is  the  internal  weak  direct  sum  of  its 

ideals  Ca .   By  Proposition  4 . 9  we  conclude  that  R[S]  = 

R[S  ]  0  Ew  _  C  . 
w     aePn  a 


Lemma  4.12.   For  each  a  e  Pn  -  {w} ,  the  ideal  C   i 


a 


.s 


0 

isomorphic  as  an  algebra  with  R[S  ]. 

a 

Proof.   Let  f  e  RCS^]  with  a  *   w.   Since  S   =  u   „  S  (u) , 

a  a    ueS  a    ' 

w 

we  can  write  f  =  Za±   x±   +  • • •  +  Ea.  x.  ,  where  x.   e  S  (u.  ) , 

11  k   k         xt    a 

1  <  t  <  k. 

Define  6:  R[Sa]  -*■  Ca  by  9(f)  =  Ea±  (x±  -u,)  +  •••  + 

Zai  (xi  "uk) *   Notice  that  if  x  e    S  (u) ,  then  9 (x)  =  x-u. 
k    k  a 

That  is,  9  takes  each  generator  of  R[S  ]to  one  generator  of 
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ca-      BY  the  definition  of  C   this  correspondence  is  clearly 
one-to-one  and  onto.   Hence  0  is  a  well  defined  bijection. 

Now  let  f,g  e  R[SaJ  and  let  r  e  R.   By  definition  of  6 
it  follows  that  0 (f+g)  =  9(f)+9(g)  and  0 (rf )  =  r8 (f ) .   To 
show  that  0  preserves  products  it  is  sufficient  to  prove  it 
for  the  generators.   Let  x  e  S  (u)  and  y  e  S  (v) .   By  Lemma 
4.8  (iv)  xy  e  Sa (uv) ;  hence  0 (xy)  =  xy  -  uv  =  xy-uv-uv+uv  = 

xy"6aw(x)v"u9aw(y)+uv  =  (x-u)  ty-v)  =  0(x)0(y).   Therefore  0 
is  an  algebra  isomorphism. 


Theorem  4.13.   N[R[S]]  =  N[R[S  ]]  ©  I      n      NEC  ],  and 

w       ae"n     a 

JCRCS]]  =  J[R[SwJ]  ©  Eaep  JCCal,  where  N[Ca]  s  N[R[Sa]] 
and  J[C0]  s  J[R[Sa]]. 

Proof.   This  follows  directly  from  Theorem  4.11  and 
Lemma  4.12. 


Corollary  4.14.   The  following  conditions  are  equivalent. 
(i)   R'-Sa^  i-s  semiprime  (semisimple)  for  each  a  e  P_. 
(ii)   R[S]  is  semiprime  (semisimple) . 

Proof.   By  Theorem  4.13  N[R[S]]  =  0  (J[R[S]]  =  0)  if 
and  only  if  NCRHS^]  =  0  (J[R[SaJ]  =  0)  for  all  a  e  PQ . 

Corollary  4.15.   If  F  is  a  field  of  characteristic  0  or 
a  prime  not  dividing  the  order  of  any  of  the  groups  S  , 
where  |  Sa  |  <  °°  for  all  a  e  PQ,  then  F[S]  is  semisimple. 

Proof.   By  Maschke's  theorem  [13]  each  F[S  ]  is  semi- 
simple;  so  the  result  follows  from  Corollary  4.14. 


Corollary  4.16.   (1)   If  F  is  a  field  of  characteristic 
0  that  is  not  algebraic  over  the  rational  field  Q,  then 
FLSJ  is  semisimple.   (2)   If  F  is  a  field  of  characteristic 
p  >  0  that  is  not  algebraic  over  the  prime  field  GF(p),  and 
if  Sa  contains  no  elements  of  order  p  for  all  a  e  P0 ,  then 
F[S]  is  semisimple. 

Proof.   Amitsur's  theorem  [22 j  and  the  hypothesis  in  (1) , 
or  Passman's  theorem  [22]  and  the  hypothesis  in  (2)  show  that 
in  either  case  F[S_,]  is  semisimple  for  each  a  e  P  .   Hence 

a  q 

the  results  follow  from  Corollary  4.14. 

Corollary  4.17.   Let  F  be  a  field.   The  following  con- 
ditions are  equivalent: 

(i)   F[Sj  is  regular; 
(ii)   for  each  a  e  PQ  the  group  Sa  is  locally  finite  and 
has  no  elements  of  order  p  in  case  char  F  =  p. 

Proof.   By  Theorem  4.11  and  Corollary  4.12  F[S]  is 
regular  if  and  only  if  F[Sa]  is  regular  for  all  a  e  PQ .   Now, 
Villamayor  [25  J  and  Connell  L  7  ]  have  shown  that  F[SaJ  is 
regular  if  and  only  if  SQ  is  locally  finite  and  has  no 
elements  of  order  p  in  case  char  F  =  p;  hence  the  result 
follows. 

Corollary  4.18.   Let  F  be  a  field.   Assume  either 
(1)  char  F  =  0  or  else  (2)  char  F  =  p  >  0  and,  for  each 
a  e  Po'  Sa  nas  no  finite  normal  subgroup  of  order  divisible 
by  p.   Then  the  following  conditions  hold  in  F[SJ. 
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(i)   FLSJ  is  semiprime. 
(ii)   The  center  of  FLS],  ZlF[Sj],  is  semiprime. 
(iii)   Z[FLSJJ  is  semisimple. 
Moreover,  if  (2)  happens,  then  these  three  conditions  are 
equivalent. 

Proof.   From  Theorem  4.13  and  Lemma  4.12,  it  follows 
that  Z[F[SJ]  is  semiprime  (semisimple)  if  and  only  if 
ZLFLSaJ]  is  semiprime  (semisimple)  for  all  a  e  Pg .   Hence 
the  conclusion  follows  by  applying  Passman's  results  [22, 
Theorem  2.12  and  Theorem  2. 13  J. 

Next  we  consider  a  second  family  of  semigroups  which 
admit  relative  inverses. 

Definition.   A  semilattice  P  is  said  to  be  of  type  P-, 
if  the  following  conditions  hold  in  P: 
(i)   P  has  a  zero  element; 
(ii)   if  F  is  a  subset  of  P,  then  either  g.l.b.  {x|xeF} 
belongs  to  F  or  else  there  exist  x,y  in  F  such  that 
g.l.b.  {x,y}  is  in  P-F. 

Denote  by  t  the  family  of  all  semigroup  S  with  the 
following  properties:   (i)  S  admits  relative  inverses; 
(ii)  the  idempotents  in  S  commute;  and  (iii)  S  has  a  semi- 
lattice  of  subgroups  of  type  P  . 

Let  Sex  and  let  {Sa)aep  be  the  family  of  subgroups  of 
S.   Denote  the  zero  element  of  P  by  a  .   Let  R  be  a  ring 
not  necessarily  with  1.   Our  goal  now  is  to  prove  that  the 


85 


semigroup  ring  RlSJ  is  semiprime  if  RLS  J  is  semiprime  for 
each  a  e  P.   But  first  we  need  two  preliminary  results. 

Lemma  4.19.   There  exists  {T-}.  ,.,  a  family  of  subsets 

of  P,  where  p  =  uieITi  and  the  index  set  I  is  an  initial 

segment  of  the  ordinals  such  that  TQ  c  Tj  c  ...  c  T.  c  ...  . 

Moreover,  if  we  let  St  =  uaeT  Sa,  then  St  c   st   c...cSt  c.. 

i      £  i  0      1        i 

is  a  series  of  ideals  of  S  with  S  =  u-  TS.  . 

i 

Proof.   The  sets  T-  will  be  obtained  by  transfinite 

induction.   Define  T.  =  {a.}.   Assume  T.  is  defined  for  all 

0      0  j 

the  ordinals  j  <  i.   If  u-<iT-  *  P,  let  Tj  =  {xeP-u^.T-l 

there  exists  yeP-u.  .T.  such  that  g.l.b.  {x,y}  e  u.  .T.}. 

If  T!  *  <t>,    set  T.  =  T!  u  (u.  .T.).   If  T]    =    d> ,  let 
i  ii      j<i  j  i 

TV  =  g.l.b.  {x|xeP-u  .  .T  .  },  and  set  T.  =  (u    T  )  u  T'.'. 
1  3<J-  D  i      j<i  j      i 

Notice  that  since  P  is  of  type  P, ,  then  T.  is  defined. 

Clearly  Tn  c  T-,  c  ...  c  T.  c  ...,  and  P  =  u.  _T..   It  follows 
u     x  l  lei  l 


that  S    c  s    c  . . .  c  s^   c  ...  with  S  =  u.   S^  .   Now  let 
tQ     tx  t±  lei  ti 

a  e  T.  and  6  e  T^ ,    where  i,j  e  I.   By  construction   a3  = 
g.l.b.  {a, 3)  belongs  to  Tk ,  where  k  =  min{i,j}.   Hence 

Sas6  c  St  -   St   '  and  tnerefore  S   S    c  S   .   Symmetrically, 

k     j  rj  ci    tj 

St  S.   £  S    .   This  shows  that  S   S  and  SS    are  contained 
i   j     tj  tj         t- 

in  St   for  all  j  e  I;  that  is,  each  S.   is  an  ideal  of  S. 
^  j 

Lemma  4.20.   Let  R  be  a  ring  not  necessarily  with  1. 

Let  I  be  an  initial  segment  of  the  ordinals,  and  let  {A-}. 

be  a  family  of  ideals  of  R  such  that  A„  c  A,  c  ...  c  A.  c  ... 

0     1  _        x   ~ 

and  R  =  ^-^jA^   Then  the  following  conditions  are  equivalent. 
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(i)   The  ideals  A.  are  semiprime  for  all  i  e    I. 
(ii)   R  is  semiprime. 

Proof.   Assume  A.  is  semiprime  for  each  i  e  I.   For 
contradiction,  suppose  that  R  is  not  semiprime,  and  let  B 
be  a  nonzero  nilpotent  ideal  of  R.   Since  the  ideals  A.  form 
a  chain,  then  B  n  A.  *  0  for  some  j  e  I;  so  B  n  A .  is  a  nil- 
potent  ideal  of  A.,  which  contradicts  our  hypothesis. 

Conversely,  assume  that  R  is  semiprime,  and  suppose  that, 
for  some  i  e   I,  the  ideal  A.  is  not  semiprime.   Let  C  be 
a  nonzero  nilpotent  ideal  of  A^   For  each  j,k  in  I,  we  have 
CAjCAk  c  CA.AjAj^  c  CAj^  c  c.   Hence  (CR) 2  c  C.   Thus  CR  is  a 
nilpotent  right  ideal  of  R.   Since  R  is  semiprime,  CR  =  0 . 
Thus  C  is  a  nonzero  nilpotent  right  ideal  of  R,  which 
contradicts  our  hypothesis.   Therefore  A.  is  semiprime  for 
all  i  e    I. 

Theorem  4.21.   Let  Sex.   If  R[S  ]  is  semiprime  for 
all  a  e  P,  then  R[S]  is  semiprime. 

Proof.   Assume  RIS^    is  semiprime  for  all  a  e  P.   Let 

{St  ^iel  be  as  defined  in  Lemma  4.19.   Using  transfinite 
i 

induction,  we  show  first  that  the  ideals  R[S   ]  are  semiprime 

for  all  i  e  I.   Then  by  Lemma  4.20  the  result  follows. 

The  first  step  of  the  induction  argument  is  true  by 
hypothesis.   Assume  that  R[Sfc  ]  is  semiprime  for  all  the 

ordinals  j  <  i,  i,j  e  I.   Let  S  ,  =  u   T , S  ,  and  let 

\~  •  vjt  £  X  *   (X 
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StV   =  uaeTV  Sa *   By  the  Proof  of  Lemma  4.17  we  see  that 


=  S  ,   u  (u^.S   )  or  else  S    =  (u.  .S   )  u  S    . 

i      i  j  i      J     j       i 


Suppose  S    =  (u  .  .  S   )  u  S    .   By  definition  TV   =  {a} 
i     ]  x  lj     ci  1 

for  some  a  e  P  -  u  .  . T . ;  hence  S  „  =  S  .   Then  R[S  „ ]  is 

j  J-  j  v.  •  ct  t  • 

semiprime  by  hypothesis.   By  Lemma  4.19  each  S    and  hence 

j 
u  -i<iS    is  an  ideal  of  S .   It  follows  from  the  induction 
J    rj 

hypothesis  and  Lemma  4.20  that  RCu^.S   ]  is  semiprime.   Let 

3    X      j 
A  be  a  nilpotent  ideal  of  R[ S   ].   Then  A  +  R[u  ...S   ]/R[u  •.•S.  ], 

i  D        j       3 

being  a  nilpotent  ideal  of  R[S   ]/R[u  .  .S   ],  is  isomorphic 

i     D     j 

to  a  nilpotent  ideal  of  R[ S  „ ] .   Since  R[S  „]  is  semiprime, 

i  ti 

it  follows  that  A  c  R[u.<:LSt  ].   But  R[u.<;LS   ]   is  also 

j  J    1   j 

semiprime;  hence  A  =  0.   Therefore  R[ S   ]  is  semiprime. 

i 

Now  let  S    =  (u.<.S   )  u  S  , .   By  definition  of  T!  if 
i      J  x  rj      ri  1 

a,6  e  Tj,  then  a8  =  g.l.b.  {a, 6}  belongs  to  u^.T..   Hence 

SaSB  -  uj<iSt   for  a11  a'6  €  Ti'   Moreover,  (   E  R[ S  ])  n 
j  a*6 

RCSR]  =  0  for  all  3;  thus  we  can  write  R[S. ,]  =  Zc  _.  R[S„], 

i       x 
where  all  RCSg]  are  semiprime  by  hypothesis.   As  in  the  first 

case  Rtu  .<:LSt  ]  is  a  semiprime  ideal  of  R[S   ].   Moreover, 
j  i 

RCu.  .S.  ]  n  R[S  ,]   =  0;  thus  we  can  write  R[S.  ]   = 
J     j        i  fci 

RCuj<iSt.]   ®  RCSt!]   =  RCuj<iSt.]   ®  {LBeT'.    R[s6])  as  a 

direct  sum  of  R-modules.   Let  f  e  R[S   ].   We  may  write 


i 


f  =  f.  +  f„   +  ...  +  f    where  f.  e  R[u,^.S.  ]  and 
pl  %         1       ^<:L  fcj 

fg   e  R[Sg_]  for  some  8-,,..  .,6  e    T!. 
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Fix  p  e  T!  and  define  n  :  Rl  S,  I  >  Rl  S  I  by 

i  P      ti        p    * 

ti  (f )  =  f  .   Clearly  tt   is  an  R-module  epimorphism.   To 
p       p  P  i     f 

show  that  ii   is  a  ring  epimorphism,  let  f,g  c  R[  S.  ]   such 
P  ti 

that  f  =  f.  +  fg  +  f   and  g  =  g.  +  g,  +  g  ,  where  f.   and  g. 
belong  to  EgeT ,  _{  }RCSg  ] .   Then  fg  =  f^  +  f±(g(S  +  g  )  + 

(f.  +  f  )g.  +  f.g   +  f  g.  +  f.g.  +  f  g  .   Since  Rdj  .  .S,.  ] 

o     pi     o^p     p^o     6^6     p^p  j<i  t. 

is  an  ideal,  and  since  R[Sr]R[S  ]  c  R[u  .  .  S^.  ],  then  the  only 

o     P~     ]<  l  t . 

term  in  the  product  fg  that  belongs  to  RTS  ]  is  f  g  .   Hence 

3        p       P  P 

tt  (fg)  =  f  g   =  it  (f )tt  (g)  ;  so  tt   preserves  products. 

Suppose  R[S   ]  contains  a  nonzero  nilpotent  ideal  B. 
i 
Since  R[u..S   ]  is  semiprime,  then  for  some  p  e  T!,  tt  (B)*0. 

Since  tt   is  a  ring  epimorphism,  then  tt  (B)  is  a  nonzero 
nilpotent  ideal  of  R[ S  ] ,  which  contradicts  the  hypothesis. 

Corollary  4.22.   Let  P  be  an  initial  segment  of  the 
ordinals.  Let  S  be  a  semigroup  which  admits  relative  inverses 
and  such  that  every  pair  of  its  idempotents  commute.   Let 
{Sa}aep  be  the  family  of  subgroups  of  S.   Let  R  be  a  ring 
not  necessarily  with  identity.   If  R[S  3  is  semiprime  for 
a  e  P,  then  R[S]  is  semiprime. 

Proof.   Since  P  is  of  type  P,,  the  result  follows  from 
Theorem  4.21. 
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